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Abstract

In this paper we review an insurance pricing model for a simple one-
period economy with shares in productive firms, insurance firms, real as-
sets and insurance contracts as developed in Turner [11] and extended in
Taylor [13]. We consider the valuation of an insurance firm’s liabilities
in the model and the optimal capitalization of the insurance firm. The
relationship of the results to standard financial theory are identified. The
model does not allow us to say if the aggregate insurance market capital
structure is optimal. Taylor’s results will still hold for any given capi-
tal structure and the model can be calibrated to an aggregate insurance
market capital structure. Implications of the model for the allocation of
capital to lines of business is considered. Frictional costs such as transac-
tion costs, taxes, bankruptcy costs or agency costs can be introduced into
the model in order to derive an optimal capital structure.

Keywords: insurer liablities, fair value, equilibrium, capital structure

*Research supported by Australian Research Council Discovery Grant DP0345036 and
financial support from the UNSW Actuarial Foundation of The Institute of Actuaries of Aus-
tralia. This paper is to be presented to the 13th International AFIR Colloquium, Maastricht,
Netherlands, September 2003.



1 Introduction

Taylor [13] extends an equilibrium model for insurance pricing, originally devel-
oped by Turner [11], to allow for insurer capitalization. We review the results
and derive equilibrium insurance pricing formulae and make explicit the deriva-
tion of the price of risk and the discount factor. We consider the implications
of the model for the market valuation of an insurer’s liabilities and the optimal
capitalization of insurers.

The model aims to include insurance firms in the equilibrium determination
of prices and to also allow for heterogeneity and dependence in insured risks.

When considered more closely, the model does not allow the determination
of a unique optimal capital structure for insurers. Frictional costs can be in-
troduced into the model in order for it to be rich enough to include an optimal
capital structure and to assess the resulting implications for fair pricing.

We consider fair insurance prices in the model allowing for limited liability,
to reflect the option feature in the resulting insurance contract payoffs and the
value of the equity in the insurer.

We discuss extensions of the model to address research questions of interest
to both practitioners and academics.

2 The Model

The model is a single period model with individuals, productive firms and in-
surance firms. Individuals hold real assets, consume, invest in productive firms,
invest in insurance firms, and purchase insurance over losses on their real as-
sets. Productive firms only issue shares and are 100% equity financed. Insurance
firms issue insurance policies on real assets, issue shares and purchase shares in
productive firms.

2.1 Assumptions

The model makes the usual assumptions of perfect competition, no transaction

costs or taxes, no restrictions on short sales, homogeneous expectations across

all agents. All households are assumed to be risk averse, one period utility

maximizers in terms of means and variances of end-of-period wealth.
Individual h is assumed to maximize a utility function

Un (:u'h,a Vh,s Ch)

where p;, is expected terminal wealth of individual h, v, is variance of terminal
wealth of individual h, and C}, is current consumption of individual A. Individual
h has current wealth W), and has to decide how much to consume now, C}, how
many shares to purchase in productive firm 4, denoted by wvp;, how many units



of real asset k to own, given by apy, how many shares to purchase in insurer f,
given by sp,r, and how many units of insurance on real asset k to be purchased
from insurer f, given by np k.

The budget constraint is then

Wy, = thz‘Vi + ZahkAk + Zshfsf + Znhfkpfk +Cy
i k f Ik

where V; is the price of one share in productive firm i, Ay is the price of a unit
of real asset k, Sy is the price of one share in insurer f, Py is the premium per
unit of insurance for asset k charged by insurer f. The decision variables for
household h are vii, ank, Sy, Mhyi, and Cp.

Remark 1 In the model, individuals can pool real assets and share risks cost-
lessly. Under the mean-variance preference and other perfect markets assump-
tions, it is expected that classical financial theory results such as mutual fund
theorems will hold. Details can be found in Jarrow [5]. Individuals will share
risks optimally through diversification, and CAPM pricing will hold in the model.
Borch [1] appears to be the first to apply financial economic models to insurance
markets. Kihistrom and Pauly [6] consider such an insurance equilibrium and
conclude that “it is easy to show that the concept of an insurance equilibrium
s equivalent to that of a contingent claims competitive equilibrium.” The opti-
mal holding of shares and insurance will take the form of a share in a mutual
fund holding all the real assets and shares in the economy and a mutual insurer
providing all the insurance contracts. There will be no additional insight gained
from having more than one productive firm or more than one insurance firm in
the model.

Remark 2 Productive firms in the model are 100% equity financed since they
only issue shares and not debt. Insurance firms, in contrast, are financed by
debt (policyholder funds) and equity. Insurance firms purchase only shares in
productive firms and neither insurance firms nor productive firms own real as-
sets.

Remark 3 The notation used in the Taylor [18] paper, which follows that in
the original Turner [11] paper, is often difficult to follow. For instance, vy s
used for the variance of wealth and vy; for shares in productive firms. We also
see R; and Ry used in a confusing manner - one is the end-of-period value of a
particular share and the other the end-of-period value of a particular real asset
assuming no insurable losses occur.

Remark 4 The model does not explicitly allow for inflation. The unit used is
effectively money, not the consumption good, but the model results are consistent
with the assumption of a fized rate of inflation.

Implicit in the model is an initial endowment to individual & of consumption
goods C}, shares in productive firm ¢ denoted by ©y;, units of real asset k given



by @k, shares in insurer f given by Sjf, and units of insurance on real asset k
purchased from insurer f given by 751 and of course with

Wy, = Z’ﬁhiVi + ZahkAk + Zg}x,fsf + Zﬁh,szpfk +Ch
i k f Ik

The terminal wealth of household A will be given by

T, = thiRi + Zahk (R — Xni) + ZSthf + Znhkahk
i k f Tk

where R; is the end-of-period value of share i, Ry is the value of real asset k,
Y7 is the end-of-period value of a share in insurer f (assumed to ignore limited
liability), X}, are the losses for individual & on real asset k.

The model assumes initially that the loss to asset k, denoted by Xjy, is
dependent on hazards of individual h. However, Taylor [13] assumes that X
and X are stochastically independent if & # [. The implication of the above
terminal wealth equation implies that individual h owns apy units of real asset
k with end-of-period value of the real asset, after insurable losses, of Ry — Xp.
The end-of-period value of real asset k has a payoff that depends on who owns
the asset. This assumption introduces heterogeneity across individuals in the
model according to their loss experience for each real asset and, since the end
of period payoff is assumed to depend on individual h, implies that each real
asset will have a different value according to who owns the asset.

The same comment applies to the insurance contracts. Each individual will
have a different risk and hence a different equilibrium premium. Heterogeneity
of risks and the implications for asset prices and fair insurance prices is an
important issue for further research. This is not addressed in this paper.

Kihlstrom and Pauly [6] develop a theory of insurance without information
costs in a state contingent model. Such a model will be more appropriate
to consider issues of heterogeneity of risks than is the mean-variance model
considered here. Later we will assume that the payoff on real asset k is Ry — X,
regardless of who owns the asset. Since the main aim of this paper is to consider
the implications of the model for equilibrium capitalization, this assumption will
not be critical to the conclusions.

2.2 Terminal wealth
The expected terminal wealth will be
py, = E[Ty) = thiﬁi + Z ank (R — Xni) + Z shiY 5+ Z nh kX hk
i k f fk

where an overbar indicates expected value.
The variance of terminal wealth is (see Taylor [13] Appendix A for derivations



in the case where limited liability is assumed for the insurance firms)

vp, = Z Z Vpivpcov (R;, Ry) + Z Z apkanicov (Ry — Xnk) , (R — Xnj))
P kE
+ Z Z ShfShgCOU (Yf, 5/57) + Z Z NhfkNhgi COU (X},,k, ng;)
f g fk gt

+2 Z Z Vniankcov (R, (R, — Xnx)) + 2 Z Z vpisnrcov (R;, Yy)
ik i f
+2 Z Z Vhinh frcov (Ri, Xpi) + 2 Z Z anksnfcov (R — Xnk), Yy)

i fk k. f
+ Z Zahknhfkcov ((Rk — Xnk), Xnk) +2 Z Z ShfThfkCOV (Yf, Xhk)
kE  fk foofk

Note that economy wide end-of-period wealth is given by

ZTh = thiRi + Zahk (Rk - th) + Zshfyf + Znhkahk
h

hi hk hf hfk

Consider the balance sheet of the insurers. We will consider end-of-period values,
but the same logic applies for the initial endowment (start of period values). For
insurer f the assets will have end-of-period value,

Z'UfiRi

where vy; are the number of shares of productive firm 7 owned by insurer f.
The liabilities will be the policy claims with end-of-period payoff

> e Xnk
Rk
and the net end-of-period equity will be
> susYs
h
Because of the accounting identity for the insurance firm’s balance sheet we

have
Z SppYr + Znhkahk = vaiRi
h hk i
If we now sum over all insurers we will have

Z ShpYy + Znh,fk:Xh,k = vaiRi
Ih

hfk fi

We can therefore write the economy wide end-of-period wealth as

ZTh = Z'UhiRi + Z ank (R — Xni) + Z'UfiRi
I i Ik 7i



and we see that, in this model, insurance companies are just a means for indi-
viduals to hold shares in productive firms. Insurance contracts are in net zero
supply in the economy. They are contingent claims similar to forwards, or, in
the case of limited liability insurers, options in financial market models.

Remark 5 The model, with zero transaction costs and frictions, does not pro-
vide a rationale for the existence of insurers. It is possible for individuals, in
the model, to costlessly write insurance contracts between each other to achieve
the same results as the insurance firms.

Remark 6 As noted earlier, the results of financial theory as developed under
similar assumptions, tell us that all insurer’s will have exactly the same balance
sheet capital structure, and even assuming costly transactions, there need only
be one insurer to pool risks.

3 Utility Maximization

To begin with we will derive CAPM results for the model. We will then consider
particular payoffs including limited liability of insurers.
The individual’s utility optimization problem is to

max Uh (uh,vh,C’h)

VhisQhk>Shf Mhik,Ch

subject to the budget constraint

W, = Z’LAJm:Vi + ZahkAk + Zg}x,fsf + Zﬁh,szpfk +Ch,
i k f Ik

va‘Vi + ZahkAk + Zshfsf + Znhfkpfk +Cy
i k f Ik

Introducing a Lagrange multiplier for the constraint, the objective becomes

Un (ks vn, Ch)
omax | 2o 0niVi+ D0y ank Ak + > snpS
VhisOhk ShfsMhfk;Ch h + ka nhkafk 4 th _ Wh

Using the following notation,

OUy, (g, vn, Ch)

Uy (py,, vn, Cr) U AUy, (py,, v, C)
O,

[
U'u’ o c%h e 8Ch

/
7U1;:

the first order conditions for a maximum are:

0
= 0 (shares in productive firms)
Ovp;
o Ovp, )
/ h !
W,V = fori=1,...,1
U, Dons +U, Don, BVi=0 or %



= 0 (real assets)

Oany
0 0
vy pr Zh Ay =0 fork=1,..., K
" Oank Oan
0
= 0 (shares in insurers)
(9Shf
Apn dvp,
U —*+U, -0, S5r=0 f =1,....,F
Mashf + vashf h® f or f ) ’
0
= 0 (insurance policies on real asset k with insurer f)
O s

ou oup, k=1,...,K;

[l —U,Pp =0 f U

“8n;,,fk+ vanhfk; htfh or I: f=1,...,F
0
3, = 0 (optimal consumption)
ou Ovy,
Umt + U + UL — 0, =0
w9C, ~rac, Tre T
or UL =V, =0
0
7, 0 (budget constraint)

22 vniVi+ 2oy ank Ak + 3 p SnpSy
+ka nn e Pri + Cp— Wy

So we have I + K + F' + KF + 2 equations to solve.

4 Market Valuation

Consider shares in productive firms. We have

o, _
duns
and
8vh
= 2 ] () j 2 iy -X
on: zj:vhgcov (Ri, Rj) + zk:ahkcov (R;, (Ry, i)

+2 Z SpFCOV (Ri, Yf) +2 Z Np £, COV (Ri, th)
f fk



so the first order conditions become

Zj UhpjCOV (RZ,RJ)
+ > ankcov (R, (R — Xni))
+>2; snpcov (R, Yy) fori=1,...,1
—I—ka N fCOV (Ri,th)
—W¥,V; =0

U, Ri +2U,

Simplifying we obtain
[ULEZ'-FQU;COU (Ri, Ty) — U, V; :0] fori=1,...,1

We can do the same for the other first order conditions to derive the valuation
results for each of the real assets, insurer equity and insurance policies:
Real assets

[U, Rk + 2U},cov (R — Xpg, Tn) — Up Ay = 0] fork=1,...,K
and, as noted earlier, we will assume that X, = X} for all h to get
[U, Ry 42U cov (Ri — Xp, Tp) — Uy Ay, = 0] fork=1,...,K

Thus regardless of who owns the real asset, the payoff is assumed to be the
same and equal to Ry — Xk.
Shares in insurers

[ULY} +2U)cov (Y, Ty,) — 0, Sy =0]  forf=1,....F

Insurance policies

(U, Xk +2U, cov (Xp, Th) = Op P, = 0] for [ k=1....K; }

f=1,...,F

Assume that there exists a risk free asset. For this asset, call it asset i = 1,
we will have Ry = 1 + Ty, where ry is the risk free rate of return, V3 = 1 and
cov(Ry,R;)) =0fori =1,...,1, cov(R1,R, — Xpr) = 0for k =1,...,K,
cov(R1,Yy) = 0 for f =1,...,F, and cov(R1,Xpi) = 0 for k = 1,..., K
from the definition of the risk free asset. Note that risk is covariance with an
individual’s optimal wealth in this model. The term risk free means that the
asset value has no covariance with other assets in the economy. T}, is the end-of-
period wealth of individual h and from the definition of risk free asset we have
cov (Ry,Ty) = 0 for all h. If we denote the economy wide end-of-period wealth
by M =3, T}, then we also have cov (Ry, M) = 0.

We can then solve for the Lagrange multiplier using

U, Ry +2Ucov (Ry, Tp) — ¥Vi =0

to get
v, = U;L (1 + Tf)



Finally substituting for W) we obtain
(U, Ri +2U/cov (R, Ty) = U, (1 4+715) Vi=0]  fori=2,...,1

Rearranging, we obtain each individual’s pricing formula for asset i, at the
optimal allocation in the economy, as

1 — U/
Vi= —— |R; + 2L cov (Ri, T} fori=2,...,1
a5 R; + U;’,,COU( h) or i

or

V; = ) [Ri + 2\pcov (R;, T)] fori=2,...,1

(1 + 7y
where \j, = % is the marginal trade-off between variance (risk) and return for

L
individual A. Similar results will apply for the real assets, shares in insurance
firms and insurance policies.

4.1 Market Clearing

Competitive equilibrium requires that aggregate demand equal aggregate sup-
ply. If the asset markets are in equilibrium then so will be the consumption
market (this is the Walras Law). So we need only consider asset market equi-
librium. We can show this from the budget constraint, where * indicates the
equilibrium demand,

Zﬁm‘Vi + ZahkAk + Z/S\hfsf + Zﬁhfkpfk +Ch =
i % 7 I
LIS SENNS SERNS S
i 3 7 I
SO
Ch —C),
> Wi = 0ni) Vi + 32 (ahy, — @nk) A
+22f (SZf - ghf) Sp+2 (”ﬁfk - ﬁhfk) Py,




Summing over all individuals

Zch - ZC}L

th ('th ﬁhi)Vi + 2 nk (@hr — Gnk) Ak

Yo Vid o, Wiy = ne) + D0, Ak Yoy (af — @nk)
+ Zf Sf Zh (SZf — /S\hf) + ka Py, Zh, (nz‘fk — ﬁhfk)

= SV )+ Y A Y (ah —am) + Y Vi > (vF, — i)
i h k h i I

= Y Vi[> @h=Tn) + D (05 —Tp) | + Y Ak Y (ahy — ne)
% h f k h

When asset markets are in equilibrium, aggregate supply (the fixed endowment)
for each of the productive firms shares, >, . Uni + fi Uy, is equal to aggregate
demand, >, . vy, + Zfi v};, and the aggregate supply of real assets, > b Chks
will equal aggregate demand, >, a,.

This means that consumption good markets are also in equilibrium with ag-
gregate supply (the fixed endowment of consumption goods) equal to aggregate

demand, >, Cp = > Ch.
We stress again that insurance contracts are in net zero supply in this model
economy, as is the risk free asset.
4.2 Aggregation and Equilibrium Prices
To derive a pricing result in equilibrium, consider the first order conditions for

shares in productive firms, assuming a risk free asset, rewritten in the form

——[Ri— (1 +7rp)Vi] =cov(R;,T,)  fori=2,...,1
2\,

Now sum this over all individuals in the economy to get

Z r (147 Vi —cov<1,ZTh> fori=2,...,1

or
_r (L+rp) ]ZCOU(RZ‘,M) fori=2,...,1

where A = —2 {Zh /\—1’1} ~ and M is the end-of-period economy wide wealth.

We can do the same for real assets, shares in insurance firms and insurance
policies to get:

10



Real assets

1. — —
1 [(Rk — Xi) — (1 +7f) Ax] = cov (R, — Xpe, M) fork=1,.... K
Shares in insurers

1
XWf—(l—l—rf)Sf]zcov(Yf,M) for f=1,...,F

Insurance policies
In the case where the payoff is assumed to be specific to individual A, so we
have from the first order conditions

k=1,...,K;
2)\h rhk— 1+7"f)Pfk] _CO’U(th,Th) for |: le F :|

and summing over all individuals in the economy we get

th Ile,...,K;
- _—Z [(T+7yp) Pri] :Zh:COU(Xh"”Th) for [ f=1,...,F
or
1 k=1,...,K;
3 (X = [(1+7p) Ppi]] = %:COU(XhmTh) for [ f=1,...,F }
where X}, = —% >on )f\—*;’“ Additional assumptions are required for Xy in order

to simplify the right hand side into a form similar to that for the other assets
in the economy.

If we assume that risks X are independent of household h we can obtain
the result

% [Xk = [(1 4 75) Ppy]] = cov (X, M) for [ I}: 1[; ]

Now to get our desired pricing equation in terms of market variables, we
weight each of the previous equations by the total endowment (total supply) for
each share, asset and insurance policy.

Thus, for each share in productive firm ¢ we weight the equation for share in
productive firm i by Y, Un; = >, vy, = v; where vy, is the optimal holding in
equilibrium for individual h of shares in productive asset 7. Similarly for each
real asset we weight by >, an = >, ai,, = aj, for each share in insurer f we
weight by >, 8hy = >, 81,y = s}, and for each insurance policy >, finsr =
2o Mhpk = Mk

We then sum to get

Zur (1+rp) Vi] 22 vicov (Ri, M)

1 +Xa; [(Re — Xk) — (1 +7y) Ay _ + >, ajcov (R — Xy, M)
+22 8} Ef—(l—l—rf)Sf] + > sheov (Yy, M)
+ 2k [ Xk = [(1475) Pyl] + 2 gy Mppcov (Xi, M)

11



The risk free asset is assumed to be in zero net supply, so that for every amount
lent at the risk free rate, there is an equal and opposite amount borrowed.

Now we know that the initial economy wide wealth less consumption, de-
noted by M, has value

My = Z’@:Vi + ZakAk + Z?fsf + Zﬁfkpfk
i k f fk
and the end-of-period expected value of the economy wide wealth will be
M=) v+ Y ap (B —Xi) + ) si¥r+ 3 np Xy
i k f fk

so that the above equation can be simplified to

1
X [M — (1+7ry) Mo| = cov(M, M) = o3,
where 02, is the variance of the end-of-period market wealth portfolio.

This allows us to solve for A in terms of economy wide variables to get the
market price of risk

[M — (1 +ry) Mo}

o
In equilibrium, each individual will alter their holdings of shares in pro-
ductive firms, real assets, shares in insurance firms and insurance policies until
their Ay, is the same as the market trade-off between risk (variance) and return
(expected return) based on the economy wide wealth portfolio.

4.3 Equilibrium Market Values

The equilibrium pricing results can now be written as:
Shares in productive firms

2
i — ‘
M — 1= GM) fori=2,...,1
M—(1+7"f)M0] [Rz ( +7'f)‘/z:| cov (R;, M) or 1 e,

or rearranging

1
(1 + Tf)

— M—(1 M,
R; — [ ;Hﬂf) o cov (R;, M)
oM

fori=2,...,1

P =

In Griindl and Schmeiser [4], this is written as

1 Ei_)\*cov(Ri,M)}

‘/;:7
(1—|—7"f) oM

with the market price of risk defined as

[M — (1 + ;) Mo)
oM

A=

12



4.3.1 CAPM

The equilibrium pricing results can be expressed in expected rate of return form,
as is commonly used in the CAPM.

Define the rate of return on share in productive firm i as r; with expected
value

Ri
Z

Also define the expected rate of return on the economy wide wealth portfolio as

r; = -1

Tyv = -1

M
Mo
Note that
cov (R, M) = ViMycov (i, Tar)
and
o = MgU%M

which gives

Ty — T
ﬂ—rfz[%if]cov(m,FM) fori=2,...,1
M
or
Fi—T‘f:ﬂi[Fjw—Tf] fOI"iI2,...,I
where

cov (14, Tpr)

/81' = D)
M
We also have:
Real assets
A =

m[(ﬁk_yk)_)\COU(Rk—Xk,M)] fork=1,....K

Shares in insurers

1
= — Y, — Y: M f =1,...,F
Sy e 7 — Aeov (Y, )] or f ey

4.3.2 Insurance CAPM

The equivalent results for the market price of an insurance policy in an equilib-
rium model is related to the insurance CAPM. Taylor [12] sets out the different
fair pricing models for insurance policies. The main issue in the fair pricing is
to determine the profit loading for risk in the premium

The equilibrium premium of Insurance policies in the model is given by

Pfk =

k=1,....K;
m Wk — A\cov (Xk;,M)] for |: f B :|

13



and the profit loading for risk, expressed as a proportion of the (actuarial) net
premium (1+—1rf)X k is
' Acov (Xy, M)

X

5 An Alternative Derivation of the Results

Consider the first order condition derived earlier. For shares in productive firm
1 this was found to be, where we have removed the dependence of the loss on
real asset k on who owns the asset,

> Unjcov (R, R;)
+ Zk QApkCOV (Ri, (Rk — Xk))
+>2 snpeov (R, Yy) fori=2,...,1
—I-kanhfkcov (Ri,X;C)
~U, (1475) Vs =0

U,R; +2U,,

We can rewrite this as

o, [Ri — (L +7y) V]

= Jeov(R;, R2),...,cov(R;, Xi)] : fori=2,...,1

Nhfk

using vectors for the covariances and the optimal holdings.

The first order conditions for real assets, shares in insurance companies and
insurance policies, can be written in vector and matrix format and the full set
of equations becomes

1 EQ V2

- — (1
o || (Ltre) |
Xk Pfk

cov (R;, Rs),...,cov(R;, Xi) Vpa

cov (X1, Ra),...,cov(R;, Xk) Thfk

This can be written in vector-matrix notation as

1

where E is the vector of expected payoffs, P is the vector of values, €2 is the
variance-covariance matrix of the payoffs and a; is the vector of holdings for
individual h.

14



The optimal demand for each share, real asset and insurance policy is given
by the elements in the vector a; where

1

Y o I
an 2

[E—(1+7)P]

Remark 7 The mean-variance objective for each individual can easily be writ-
ten in this vector and matrix notation from which the first order conditions can
be derived directly.

If we aggregate across all of the individuals we obtain

1
3 [E-(1+7;)P]=Qm
where m denotes the vector of the market portfolio holdings. The vector of

prices is then given by

1

This holds for the portfolio of total economy wealth with value

1
mP=——_ [mTE — )\mTQm]
(1 + Tf)

from which we have
5\ mT[E—(l—H“f)P]
o m7Om

Now each individual portfolio has market value

1

T
agP=————
h (1—|—7’f)

al [E — \Qm]
Notice that
—2\pap=Q ' [[E — (1 +r;)P]]

so that at the market equilibrium Apaj; does not depend on individual A.

The marginal trade-off between risk (variance) and return for individual
h, An, and the allocation for each of the shares, assets and insurance policies
in their optimal wealth allocation in equilibrium, aj, for all individuals only
depend on expected payoffs, covariances of payoffs, equilibrium prices and the
risk free rate. This implies that all individuals must have an optimal wealth
allocation that does not depend on individual characteristics. It also means
that the marginal trade-off between risk (variance) and return for all individuals
at the equilibrium will be the same. If the optimal wealth allocation for each
individual in equilibrium does not depend on individual characteristics, then
this can only be the case if they all hold portfolio weights that are the same as
for the economy wide wealth portfolio. A formal proof of these results is readily
derived from the results in Jarrow [5] Chapter 15.



Fach individual holds the same mix of insurance policies and shares with
each insurer. Each insurer will have the same capital structure, and this will be
determined by the initial endowment in the economy of insurance policies and
shares in insurers. It was shown earlier that insurers in this model, in aggregate,
are a means for individuals to own shares in productive firms. The returns from
the shares in productive firms held by insurers are distributed to the individuals
holding shares in insurers and to policyholders in accordance with their claims
experience. Insurance policies function as a risk pooling device.

6 Market Valuation of Insurer Liability

We have only made the assumption of mean-variance preferences and have made
no assumption about the distribution of returns. So the above results hold for
any distributions provided the moments exist. We will now consider the impact
of limited liability of the insurers on the equilibrium premium and on insurer
capitalization. If the insurance firms have limited liability, then pricing results
need to allow for the option feature of the insurance policy payoff that results.
Shares in insurers will also have option payoff features.

For insurance firm f, net equity will equal assets minus liabilities by defini-
tion. Assuming unlimited liability, in equilibrium, the payoffs at the end of the
period will be such that

SPYr = DGl = > i g X
i hk

so that net equity could be negative.

In Taylor [13], X5 = > ;. nhseXnie denotes total claims on insurer f, the
payout ratio for insurer f is denoted by @y and the payout for an insurance
policy will be @Q;X} allowing for limited liability. The beginning of period
equity (net assets) per share of insurer f is denoted by K; and closing net
assets per share for insurer f are defined as

EfZYf-‘rKfRf

where
> vrilt
2ivriVi
is 1+ the rate of return on investments held by insurer f and Y} is taken as the
end of period cash flow per share assuming K; = 0.

Funds held by insurer f to pay claims of X at the end of the period amount
to

Ry =

Xf +SfEf
and

E
@y =1+ min <0,8§(—ff)

16



Taylor [13] assumes the price of insurer f depends on Ky so that Sy = Sy (Ky).
Insurer f has assets with start of period market value

>_vsiVi
i
The shares in the insurance firms have start of period market value
sypSy (Kr)

and the start of period market value of the insurance liabilities are

Pf = Z nhkafk
hk

The payoffs at the end of the period for each of these claims are
> _viik

symax (Ey,0)
and
Z nhreQr Xk
hk
By the definition of net equity

Sy max (Yf + KfRf,O) + Znhkathk = vaiR
hk 7

The end of period liabilities (equity and insurance policies) of the insurer can
be written

E
symax (Ey,0) + Znhkahk [1 -+ min <0 Sj;(—f>]
hk f

E
— spmax (Ey,0) + X; {1+min< i f)}

= X;+symax(E;,0)+ symin(0, E
= Xy+spEy

Based on equation (17) in Taylor [13] this equals
(Pr+spKyp) Ry = Zvﬁ

since (Py + sy K ) are the beginning of period assets of insurer f.
The beginning of period balance sheet values for insurer f are

o
Pf+8fo Kf vaz i = f
Ry
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so we must then have
(Pr+spKy) Ry = (Py + sy S5 (Ky)) Ry

or
Sy (Ky) =Ky

which has implications for much of the detail in Appendix A of Taylor [13].

However we can observe that the introduction of K; does not allow the
determination of an optimal capital structure for an insurer in the model. Fair
prices of both shares in insurers and for insurance policies will reflect the option
features that limited liability cause in the payoffs, but these are simply functions
of whatever capital structure is assumed as the initial endowment in the model.
The model will not generate cross sectional differences in insurer capitalization.

Consider the effect of limited liability on insurance fair pricing. Assuming
that the insurer has limited liability, then if >~ v R; > >, nhskXpi policy-
holders are paid in full, otherwise they receive ) . v R;.

With limited liability we then have the payoff on a share in insurer f given
by

wpRi— X
YL _ szfz 2 f 0
G max [—Sf ,
= max|[Ey,0]

If an insurer becomes insolvent then it is assumed that policyholders have
their claims met pro-rata, so that the payoff X1, allowing for limited liability
will become

NhtkXhk
nhka,fk = 7{)(]{ ZvﬁRi

%

Given the model assumptions we know that

: 7'RZ‘ - X
YfL = max [—ZZ vri / , 0]
Sf

We then have

X
X]fk = min(th,X—hf;UﬁRi>

. Xnk
= Xpi + min (X—f Z_:U‘fiRi — Xk, 0)

R — X
- X (1 + min (—Zl Yy I 0>>
Xy

E
- X <1 + min (—Sf;(ff , o))

= XnQf
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as in Taylor [13].

The policyholder with insurer f has a policy that entitles them to payment
of claims provided the assets of the company at the end of the period, >, vs; R;,
exceed the total claims payable by the company, X . Otherwise they are entitled
to a share of the assets.

Summing over all insureds,

Xi = XxQy

The insurance liability fair pricing equation will still apply since only the form
of the payoffs have changed giving

L _ 1 <L L — k=1...,K;
Pfk_(1+7"f) {X’“ ACO@(X’“’M)}_ forl p=1.F
so that 1
Ph = [y B @] = Ao (0@, 1)

Rubinstein [10] derives valuation formulae for uncertain payoffs and shows
how option based pricing results can be derived in a similar framework.

7 Valuation of the Limited Liability Exchange
Option

The policyholder in insurer f has a policy that will pay the random claim
amount Xp; assuming unlimited liability, and has sold an option to the share
owners of insurer f to exchange the claim amount, if the policyholder is a
claimant at the end of the year, for a share ))((’;’“ of the assets of the company.

Clearly Xy, ))(gbf’“ and ZZ vy; R; are random variables and the valuation of this
option is not straightforward, even assuming joint log-normality of asset returns
and insurance losses. We will assume that each individual policyholder has a
different claims distribution and that the fair market premium reflects that
individual claims distribution. Thus P will denote the fair premium assuming
unlimited liability. We will denote the fair price of insurance allowing for limited
liability by Pth.

We will avoid issues of incomplete markets by assuming that contracts with
payoffs depending on X} can be held by other individuals in the economy, even
though in practice insurable interest would prevent this.

Note that we could just as easily treat the claim amount X}, as a separate
line of business rather than a separate individual risk.

We will value the exchange option using an approximation for the distrib-
ution of the return on the assets and the insurance claims on an insurer. The
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payment to the policyholder, allowing for limited liability will be

X
X}fk = min (th, X—hfk ;UﬂRi)

X
= X — max (th — ﬁ ’l)fZRl,O)

so that the policyholder has an insurance contract equivalent that for an insur-
ance company with unlimited liability along with an exchange option sold to
the equity holders that allows them to exchange the insurance claim amount
for a share in the value of the assets if the total claims exceed the value of the
insurer assets.

The following assumptions are made in order to derive a valuation formulae
for the policy. Individual asset returns and individual claim amounts are multi-
variate lognormal random variables. So that

R;
In (7) ~ Normal (:U'Riaa'?%i)
and
In (th) ~ Normal (/”Lth ’ o%(hk)

with correlation coefficients between log asset returns and log individual claim
amounts given by pg, x, o between log asset returns given by pp, g, and be-
tween log claim amounts given by py, X1

We assume that the return on the insurer assets and the total claims of
the insurance company are also lognormal even though this is inconsistent with
the assumption that individual asset returns and individual claim amounts are
lognormal. This is expected to be a reasonable approximation to make. Note
that 1 plus the return on the asset portfolio is

vfz i Vi Vi R1 _ ) &
g T () -2 ()

which is a weighted sum of what we have assumed to be lognormal random
variables, where the weights are

vy Vi
Zi vfiVi

We will assume the following approximations hold

w; =

In Ry =~ Normal (uRf,a%f)

and
In Xy =~ Normal (,qu,ag(f>
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2 2 . .
where HRysHXp> O Ry and 0%, are determined as functions 9f HR;>ORis O Ry PR Ry MX o O Xnks O X0
and py, x,, to give the best fit for the lognormal approximation.

Xhk
Xy

Given the assumptions that we have made, In { > fiRi:| has a normal

distribution.
We denote the end-of-period assets value of insurer f as

Af = ZUﬁRi = (ZUfJ@) Rf

and the ratio of end-of-period assets to liabilities, ignoring limited liability, as

Ay
Xy

with initial value at the beginning of the period

A
L
where
4= (o)
and
L= Z Ntk Phic
hk

We can use the results of Margrabe [8] to derive a value of the exchange option.
The fair price of the insurance contract becomes

A
Py = Pu— {PhkN(dl) - Phka(dQ)}

— P, [1 - {N(dl) - %N(dz)H

where . )
1/\
_ ln A + 50’
dy = =
o
dy=dy -0
~2 . . . . . X
and ¢° is the variance of In (X%) which is the variance of In (A_;) .
X i Vfilts
f
Hence

6% = Ug(f + AZU%f —2Acov (Xy, Ry)

If we assume that the initial capital structure is to be a fixed ratio % then
we can determine the corresponding fair premium Pth. Note that Py is the
value of the insurance contract assuming unlimited liability and this is priced
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using the claims distribution ignoring the insolvency risk. This value allows for
the risk in the claims distribution and the equilibrium price under the CAPM
assumptions, where issues of incomplete markets are ignored, is given by

hzl,...,H;}

Por = k=1,....K

(ITT}‘) [th—)\cov (th,M)] = for [
In Myers and Read [9] these are referred to as the present value of losses and
ignore the possibility of default by the insurance company. An actuarial valua-
tion normally ignores the possibility of default and so these values correspond
to a market based actuarial valuation. The allowance for default is given by the
factor 1 — {N (d1) — 2N (d>)} which multiplies the present value of losses to
derive the value of the losses allowing for insurer default.

8 Implications for Capital Allocation

An important issue in the risk management of an insurer is the allocation of
capital to lines of business. Myers and Read [9] present a marginal approach to
allocating capital to lines of business. Cummins [2] reviews the approaches to
capital allocation that have been proposed. Based on the model developed in
this paper, it is possible to examine the implications for allocation of capital to
lines of business, or in this case, individual policies.

The equity holders in the limited liability insurance company have effectively
sold the policyholders an option to exchange the assets for the claim obligations
under the policies if these are less than the total claims. They effectively hold
the assets on behalf of the policyholders. The equity in the insurer, in the case
of limited liability, has payoff

Ef =max[A(Ry) — X5,0] = A(Ry) — Xy + max [X; — A(Ry),0]

which using the Margrabe [8] exchange option formula and assumptions made
earlier has fair or market value

A—L+L{N(d1)—%N(d2)}

Note that the value of the liabilities L is the value ignoring the possibility of
default by the insurer. Myers and Read [9] refer to A — L as surplus.

Consider the fair value of the policy liabilities derived earlier. This was the
fair value assuming claims are paid in full less the value of the exchange option
with payoff

Xhk A(Ry)
max th —_ ’UfiRi,O = th max (1 — —',0
(- 2y ¢

The total payoff of the exchange options is

ZthmaX (1 - %) =max (X; — A(Ry),0)
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So we can write the total equity value as

A=L+> P {N(dl) - %N(dz)}

hk

Now note that

L= thk
hk

so we have total equity value given by

A—%;Phk {1 - {N(dl) - %N(dz)}}

If we allocate assets on a proportionate basis to policies we would obtain an
expression for total equity value of

%;Phk [ﬁ - {1 - {N(dl) - %N(@)}H

So if we allocated the total equity of the insurer to the policies according to

ff - g

then these would “add up” and will reflect the insolvency risk of the insurer at
a company level.

Thus allocation to lines of business would be determined by valuing the losses
for each line of business, adjusting for the risk of the liabilities but ignoring the
possibility of default by the insurer. Thus Py, is the market value of the losses for
individual risk h on real asset k ignoring the default risk. This is the value of the
liabilities that an actuarial valuation normally determines. An allowance is made
for market risk in the liability value but not default risk of the insurer. Each lia-
bility value is multiplied by the same factor, [% —{1-{N(d) - 4N (d2)}}]
to determine the allocation of capital to the individual risk. This could just as
easily be based on line of business rather than an individual risk. Thus capital
is allocated in proportion to the market value of the losses by line of business,
where the value is determined ignoring the insurer default risk.

9 Optimal Insurer Capitalization and Frictional
Costs

As noted earlier, the model considered here does not allow an (unique) optimal
determination of insurer capital structure. The capital structure of each insurer
will be the same in equilibrium and this will be based on the initial endowments.
The model can be calibrated to any given assumed capital structure and this
could be based on aggregate industry data as in Taylor [13]. This is the classical
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Miller-Modigliani result from finance theory for the optimal capital structure
of firms as covered in standard finance texts. See for example Eichberger and
Harper [3].

This can be demonstrated by noting that the beginning of period value of
the liabilities and equity is (Py + s7.S¢) so that

A (Pr+spSp) Ry

Xy Xy

With limited liability, Py is the value of
. Ay .
Xy if —= > 1 and Ay otherwise
Xy

which in turn depends on Py. The only way to determine a value of the liabilities
is to fix the ratio % which fixes the insurer capitalization. It is then possible to
uniquely solve for the fair price of liabilities and the share price of the insurer.
For each value of the ratio there is a unique fair price of the liabilities. Hence
there is no optimal capital structure given by the model. Prices of liabilities
and insurer share prices adjust to reflect the probability that the full claims will
be paid based on the given initial capital structure of the company.

In order to include an optimal capital structure the model needs to be made
richer. An approach to doing this would be to consider the impact of frictional
costs. These costs include taxation, transaction costs, bankruptcy costs and
agency costs. In a model with frictional costs, the value of insurer equity will
depend on the variance of the firms end-of-period payoffs. The end-of-period
payoffs for shares in the insurers will be the payoff ignoring these costs, less
some function of variance to reflect the deadweight losses from frictional costs.
This can be written as Yy — F (a%). MacMinn and Garven [7] consider the

impact of frictional costs on insurance demand and pricing, but not on optimal
insurer capital structure.

The model can also be made richer by allowing for asymmetric information,
incomplete markets and should also be extended to a multi-period model. A
continuous time model provides a modelling framework to effectively handle
multi-periods. Issues concerning capital and regulation of insurers can be con-
sidered. The imposition of capital requirements is often justified by a situation
where policyholders are unable to assess the financial condition of the insur-
ance company and also by the fact that individuals can not diversify the risk of
an insurance company becoming insolvent in their insurance purchases. These
issues are related to information, transaction costs and incomplete markets.

The impact on fair insurance pricing and insurer capital structure under
these alternative assumptions is clearly an important research issue of major
significance to the financial and actuarial management of insurers, the fair treat-
ment of policyholders and to insurance solvency regulation.
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10 Conclusion

This paper has reviewed results from Taylor [13] and Turner [11]. We have de-
rived the fair pricing results and reviewed the implications of the model for the
optimal capital structure of an insurer. The model includes insurers, firms and
households and the model assumptions are that individuals are mean-variance
utility maximizers with perfect information and that markets have no frictions
such as transactions costs, taxes, agency costs or bankruptcy costs. Standard
results from finance theory for financial markets are shown to hold, implying
that the model does not allow for a unique optimal capital structure for insurers.
Limited liability has been considered and shown to alter the payoff to policy-
holders and share owners in insurers but not the form of the valuation formulae
for the fair price of insurance. Related research has considered optimal demand
for insurance and product design but very little research has considered the
financial and risk management issues for insurers in this model framework.

Current research is aimed at extending the model to consider more general
utility functions, frictional costs, incomplete markets as well as to a continuous
time setting. In all of these cases the inclusion of frictional costs has the potential
to provide new insights into fair insurance pricing and optimal capital structure
for insurers. The model is also being extended to include both supply and
demand in order to consider equilibrium pricing and capital. Standard financial
and insurance models, including CAPM, assume a fixed supply given by the
endowment in the economy.
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