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ABSTRACT

In this atide the method of pricng the liadlities of a finendd inditution by means of
dynamic mean-variance hedging is gpplied to the Stuaion of an incomplete market that
is nevethdess in equilibrium. For a given dochedic assligblity modd that is
conggent with the market, the atide shows how to determine a unique price & which,
subject to specified provisos, a prospective buyer or sdler would be indifferent about
concluding the transaction.
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1. INTRODUCTION

Because of mord hazard, legd condraints and the de facto incompleteness of markets, it
is generdly impossble to replicate the lidbilities of a financid inditution with traded
asets Under such conditions it is impossble to determine the price & which the
lidbilities would be traded by means of asset maiching, risk-neutrd pricing methods or
deflators (Mdler, 2002, Jarvis Southdl & Varndl, 2001). However, if a sochadtic asst—
libility modd (ALM) is adopted, and the market, though incomplete, is in equilibrium,
ad the ALM is conddent with the marke, then a unique price can, in principle, be
obtained thet is conggtent both with the ALM and with the market (Thomson, 2002).

The notion of a price a which an assat or ligbility would trade if a complete market
exiged (eg. Matin & Tsui, 1999 357) is a fiction. It suggedts that a complete market
makes no difference to prices. Tha is dearly untrue in an incomplete market, extra risks
exig, which cannot be hedged. Those risks mugt affect prices. The notion of a price a
which an as&t or lidbility would trade if a liquid market exiged in it (eg. Carns, 2001),
while dightly wesker, is amilaly a fiction. The price contemplaied in this atide is the
price a which a progpective buyer or a sdler who is willing but unpressured and fully
informed would be indifferent about concluding the transaction, provided the effects of
mord hazard and legd condraints would not be dtered by the transaction. The price
therefore dlows for the fact that the non-sysemaic risks of the lidilities canot be
diversfied avay.

In practice, the determination of such a price is non-trivid. Hairs et d. (2002 273-4)
ugges ‘the sdection of a replicaing portfolio by minimisng the asstiadbility cadht
flow mismatches over time’ How they envisage that this would be ahieved is not dear.
Mdler (op. cit.: 794-8) outlines solutions based on four different gpproaches in
continuous time. Of those, one (the ‘super-replication’ gpproach) does not reflect the
price contemplated aove but a minimum price The second (the ‘utility’ approach)
depends on the utility function of the finandd inditution and is therefore not unique
Furthermore, it has been shown (Thomson, 1998) that, though expected-utility theory
may be valid for normative purposss, it is not generdly vaid for definitive purposes The
third (the ‘quadratic approach) comprises two dterndives ‘risk minimisstion’ and
‘mean-vaiance hedging. Risk minimistion involves minimisng a process reflecting the
cods of financing a drategy that medts the cash flow exactly. Mean~vaiance hedging
(Bouleau & Lamberton, 1989; Duffie & Richardson, 1991; Schweizer, 1992) involves
agoproximating the cesh flow as dosdy as possble to the temind vdue of a Hf-
financng drategy 0 as to minimise the vaiance of the difference. No theoretica
judtification is given for ether of these dterndives, and no reference is made to an
equilibium make. The fourth (‘quintile hedging and shortfdl-rik  minimisaion’)
involves arbitrary parameters and therefore, like the utility approach, does not produce a
unigue result.

Bouleau & Lamberton ©p. cit.), Duffie & Richardson Ep. cit) and Schweizer Ep. cit)

dl address the mean—vaiance hedging process in continuous time for dams contingent
on share prices whose processes do not permit complete hedging due, for example, to



jumps. The fird, which is couched in language generdly inaccessble to actuaries,
assumes that the state space is a Markov process. The second and third assume that prices
ae geomdric Brownian moations (the third more generdly and rigoroudy then the
second). None of them solves the pricing problem. Numerous subsequent papers have
generdised thar findings or goplied them to particular cases.

Schd (1994), Schweizer (1995) and Eemny (unpublished) derive the mean-variance
hedging processin discrete time, but they dso do not address the pricing problem.

Carns (op. cit) goplies the utility gpproach to the pricing of ligbilittes He assumes a
gngle time period with normaly digributed retuns and invesors with exponentid  utility
and heterogeneous expectations (i.e different ALMs) and a market in equilibrium. He
determines the price of the lidbility by conddering the introduction into the market of an
ast defined in the same way as the liability, and finding the price & which equilibrium
isrestored. Thisis conagtent with the (fictiona) completion of the market.

In this atide, mean-variance hedging is goplied to the lidhilities of a finendd inditution
rather than to a contingent dam (though the latter is included as a specid case). The date
pace is not necessarily assumed to be a Markov process. And a particular form for price
proceses is not assumed, except tha they must be conddent with current market
information and with the assumption that the market is in equilibrium with homogeneous
expectations. The pricing problem is solved in discrete time.

From an actuaid point of view, a solution in discrete time is preferable A solution in
continuous time can be gpplied through numericad integration. But this tends to be a
black-box gpproach, which does not necessxily permit direct interpretation  of
intermediate rexults In the find andyds, dl the processes ae discrete Cadhflow
payments occur a discrete intervals. Market retuns occur as and when quoted prices
change. Returns on risk-free depogits occur overnight. Continuous-time modds, though
they may be more degant, ae not necessaily better representations of redity then
discrete-time solutions.

The suggedtion of Hairs et a. (op. cit) would be redised if the ligbilities were priced as
the price of a hedge portfolio less the price of the remaning exposure to the
undivergfidble risks. The later price would be equd to the price of a portfolio with a
probability disribution identicd to thet of a diversfied market portfolio in an equilibrium
market. While this does not presuppose the vdidity of expected- utility theory, it would be
congdent with that theory: if two risky prospects have identica didributions an agent
will be indifferent between them. In this atide, as a firg-order goproximation to such an
gpproach, mean-variance hedging is used with reference to an equilibrium market modd.

While it may a fird appear counter-intuitive that the vaue of a ligbility should be lower
for higher degrees of risk, the paradox is resolved by consdering the liability as a short
postion in an as=t; dearly, for an as, the price is lower for higher degrees of risk. The
fact that the inditution has a short pogtion in the assat does not affect its market price,
The vadue determined does not condiitute the capita required to cover the risk; that is a



Sseparete issue. In the context of penson funds, congdertion is not often given to capitd
requirements. Thet is partly because the employer bears the badance of cost. Whether the
cgpitd required should be hed in the fund or by the employer is a matter for discusson
between the trustees and the employer. The determination of capitd required is outdde
the scope of thisatide.

The assumption of the adoption of a paticuar ALM combined with the assumption of
homogeneous expectations may a first gopear problematic. However, provided the ALM
is dedgned to reflect market expectations so far as they are evidenced by market
conditions and higoricd returns those assumptions are not inconsdent. Any pricing
theory other than pure abitrage pricing mus inevitably assume some such modd. And
any assumption other than homogeneous expectaions would give the moddler a
deceptive advantage.

In sections 2 to 4 the problem is spedified, formulated and solved. An dgorithm for the
implementation of the solution is set out in section 5. Section 6 condudes.

2. SPECIFICATION OF THE PROBLEM

Suppose that cash flows occur annudly and that dl time periods are messured in years.
(The time intervd is abitrary; any other interval could be used) The amounts of the cash
flows are not deterministicdly spedified; they depend on the date of the world from time
to time, and in paticular on the vadues a those times of certain variables. Suppose that
we have a dochesic modd of those variables, which enables us to generate a pseudo-
random sample of the lidbility cash flows (induding tax and other expenses) and the
investment returns on dl rdevant caegories of assts in the market portfolio. This means
that, for given information a the dat of the year, we dhdl be dile to edimae the
moments of the joint didtribution of those cash flows and returns.

The price of the liabilitiesis then defined by the following requirements

(A)  Atthedart of eech year:
(1) thepriceof theliahility for subsequent cash flowsis equd to the sum of:
@ the price of the hedge portfalio; and
(b) the (negative) price of the remaning exposure to undiverdfisdle
nsk;
(20 the hedge portfolio is sdected from the condituents of the market
portfolio and the risk-free asset o that:
@ the undivergfidble risk isminimised; and
(b)  the expected return on the hedge portfolio during thet year is equa
to thet on theliahility; and
(3) the price of the remaining exposure to undiversfiable risk is equd to that
of a portfolio, compriang the maket portfolio and the risk-free asst,
whoserisk isequd to thet of the ligbilities
(B)  Whendl theligbility cash flows have been paid, the price of the lighilitiesisnil.



Inthis paper, ‘rik’ is defined as variance.

In the above requirements, the ‘market portfolio’ carries the same connotation as in the
capitd-asset pricing modd (CAPM). It is the st of dl capitd assats in which market
patidpants (incduding the inditution) can invet. The dae vector moddled mugt
therefore contain sufficent variables to fadlitate the cdculaion (by the ALM) of the
return on the market portfalio.

The asset caegories moddled by the ALM should be condgent with a market in
equilibrium. Since market participants ae assumed to operde in mean—vaiance space
with homogeneous expectations, the CAPM should goply during eech future year,
conditiond on the vdues of the date vector & the sat of the year. That would dso
necesstate an assumption about the compodtion of the market portfolio by category in
future years. Because of the cgpitd irrdevance propostion (Modigliani & Miller, 1958),
it may be assumed tha the totd return on the market portfolio will (gpart from frictiond
effects) be unaffected by the compogtion of tha portfolio. The stochaestic modeling of
the compogtion of the market portfolio by asset category would therefore be spurious.
Taxation, which is a nontrivid friciond effet in the pridng of inditutiond ligdilities
may detract from the vdidity of this assumption. But provided the rates of tax incurred on
the invesment returns earned on the various asset categories are not unduly asymmetric,
the assumption is aguably not unressonable In fact, if dlowance were made for
optimisation of aggregate capitd dlocation, alowance would aso have to be made for
tax optimisaion by government. It would be better to modd the maket on the
assumption of constant composition by asset category.

Furthermore (on the expectations hypothess) the ALM’s expected future risk-free
interest rates should be equd to the current forward-rate yidd curve, in both nomind and
red terms. Also, the difference between expected nomind returns and expected red
returns should be conggent with expected inflation, dlowing in addition for a reasonable
inflaion risk premium. The initid price voldiliies of the asset caegories moddled
should conform to those implied by option prices

In the sdection of asset categories to be moddled, care should be taken to include those
that would be rdevant to the liadllities The proliferation of asst categories should,
however, be avoided, as this would tend to result in the induson of categories whose
cordaion with the ligblittes is fortutoudy ggnificat. The resulting reduction in
undivergfidble risk would be spurious. The sdection must be aufficiently comprehensve
to modd the market portfolio. But excessve divison into caegories should be avoided.
Further congderdtion is given in section 6 to the sdection of the asset categories to be
moddled.



3. FORMULATION OF THE PROBLEM

Let X; be the p-component date vector of the stochestic modd at time t. The modd
defines the conditiond digtribution:

R (XX.)

An ALM definesthe fallowing variables asfunctions of X
C: =theinditution’s net cash flow a timet;
Va = the market vdue a time t of an invesment in asst category a=1,..., A per
unit investment at time't — 1;
fix1 = theamount of arisk-free depogt a time t + 1 per unit invesment & timet.

Let
5
_gne
m= (o :
&m, 5
represent the composition of the market portfolio, where:
M, iSthe proportion in asset category a,;

m, >0;ad
A
am =1.
a=1

We denote by L; the market vaue of the inditution's ligbilities a time t after the cash
flow then payable.

Suppose thet, in order to minimise the variance of the difference between (C, +L,) and
the value of its hedge portiolio & time t given X, | = x, the insiitution would invest an
amount of g, ., in assat category a and he1 in the risk-free asst (together comprising
the hedge portfolio). Let:

ggl,tg ?/119
gt:Q ?aﬁth:g: —
&9 g &uo

Then:
C.+L =098,V +h  f +e;
where &, being the undiversifisble exposure, is independent of Vi, E(e)=0 (requirement
(A)2)(b), and g is such that
si=ValC +L - gV X, =X) ()
isminimised (requirement (A)(2)(8).



Now to get the same expected return on the hedge portfolio as on the liability, we require
(requirement (A)(2)(b)):
%:E(Cﬁ'—t' gtq—:lvt_ht—lft)zo' ()

Note that, as mentioned above, the ALM should conform to the CAPM. This means that:

m, = ft +bat(th' ft);
where:
S vat .
b, =
S wt
S Mat =Cov(Mt,Vat);and

sz =Var(M,).

If the drcumdances warant it, the CAPM formulae may be modified for nonstandard
effects as outlined by Elton & Gruber (1995: 311-31).

Besdes the hedge portfalio, the inditution has an exposure to @. This exposure may be
priced as an undiversfiadle risk with reference to the risk-free depost and the market
portfolio. Suppose the price of the exposure is ki1, of which |, isin the market portfolio
and (Ki—1— li1) isin the risk-free deposit. Then (requirements (A)(2)(b) and (A)(3)):

M, =l My + (ktl - It—l) f,=0;ad ©)

s& =S u- ©

It may be noted that this specification corresponds to an extenson of the cgpitd market
line to an expected return of zero.

The price of the liability comprises the price of the hedge portfolio plus the (negative)
price of the exposure (requirement (A)(2)), i.e:

A
L[-l =é ga,t-1+ht-l+k[-1' (5)

a=1
The problem isto find Lo given that Ly = O (where N is the last possble cash-flow date—
requirement (B)).

It should be noted that, whereas g: and h; represent congtituents of the hedge portfalio, k;
does nat; it is merdy the price of a portfolio that satisfies equations (3) and (4). The
unhedged exposure is not a pogtion in the market portfolio, snce that would generdly
resllt in nonzero covariance with the hedge portfolio, which is spedficdly excluded.
The market portfalio is used merdy to price undivergfiadle risk in terms of its variance.



4. SOLUTION OF THE PROBLEM

In order tominimise s 2 (equation (1)), we require:

Oi.1 = O\_/tl(écw + OLVt);

where:
_Fr 7 Swl o Pald o Fuwl
OVt:g : + Ocvi =¢C +a’ld0|_\,t:g Do
&Alt SAAtB 8SCAtB 8SLAIB

S = CovV, VX ., = x);
S = Cov(Ct ,Vit|Xt_l = X); and
St = COV(Lt ’Vit|Xt-1 = X)'

Theresutingvdueof s 2 is
Sq=S&*+2Sg tSE - gtq?l(écw +é|_vr)-
In order to get g =0 (equation (2)), we require:
My +m, =981, +h,f;

where:
m =E{C|X,, =x};
my = E{L[X., =}
in =c : +;and
&My
| m = E X, =
ie:

1 X
e, :f—(l’T& +m - g¢,i Vt)'

t

Also, from equations (3) and (4) we have:
Sq am, .0
k, . =- — & g Mt _ I.
ST

Since the means, variances and covariances of Ci, Lt and Vi can be estimaed for any
vaue of X1 by means of the ALM, the corresponding vadue of L1 may be found from
equation (5). Snce Ly = 0, earlier values of L; may be caculaied recursvely, as functions
of X;. Since Xp isknown, Lo isunique.



5. IMPLEMENTATION ALGORITHM

The solution in section 4 may be implemented by means of the dgorithm shown beow.
The dgorithm involves successive cdculations of L ,|X,, =x for t = Nto 1; ie
cdculating backwards year by year fromt = N, where Ly = 0, to t = 1, where Xp is
known. For t > 1, | vaues of X1 ae dmulated. For esch of these, J vaues of X;,
conditiond on the vdue of X1, ae amulated. The later pseudo-random sample is used
to estimate Li1 for thet vaue of Xi-1. This gives us vaues of Ltz for | vaues of Xi1. For
t <N, thevdue of L; isrequired as afunction of X; in order to caculae Li—; as afunction
of Xi1. This is found by interpoletion from the vaues obtained from the caculaion
aready made in respect of year t + 1.

The dgorithmisasfallows

Fort=Nto1l:
Ift =1, leti =1; otherwisefori=1tol:
If t > 1 then, using the stochastic modd, smulate X, , = x
(Otherwise X, , = X,.)
Using the ALM, cdculate f;.
Forj=1toJ
Using the sochastic modd, smulate:
Xt|(x 1= X ) =Xy -
Usngthe ALM cdculae
CylX, = x, 1 ad
th|xt =Xy -
Ift =Nthen L,|X, =0.
Otherwiseinterpolate L[ X, = x, from previous calculations

t-1i °

(see beow).
Cdculate
.14 .
”h—jactj’
j=1

R 14

=_ L. :

[k Jja:.l tj
« 14
l=—aV.:

Vt J%l tj
m, =me,,;
- 1 4 ~ L
sz=——alc, - ;
Ct J'lel( tj nh)
A 1 4 .
sft:—é(q-r@[)z,

(@
1

'_\
W



1C

J

S ot _%—él (Ct] B ﬁ,h)(l_tj B rﬁLt);
J

Oow =%1]§}1( L YRR
J

6LVt ﬁé( tj n].t th] t)’

» 1 9 « Y -
OVt :—a - | Vt)A Nt] - |vr)¢;
where A denotes the Kronecker product, i.e.:
[a]Ab]%=[ab];

2

6Mt :mQ/tm.

gt—l = -tl(OCVt +0LVI)

h., = f (rrh-'-nh & V‘);
t

SAj =SAét +X, tS Lt - g¢, (OCVt +6LVI);
Se &, .0

A
_é.gatl-l-h +k

=1

Record eech vdue of x and the corresponding vaue of
L,..|X,., = x for usein subsequent calculations (see above).

Thefind line givesLo, the current price of thelidbilities whent = 1.

For each year's cdculaions the dgorithm requires | vadues of x as a the end of the
previous year. It is not necessary for these vaues to be a pseudo-random sample. What is
required is that they should cover the iange of such a sample suffidently well to fadlitate
interpolation (or extrgpolation). | must be spedified as a vadue such that the number of
vauesof L, ,(x) caculaed in the find step for t = s is sufficient to interpolate L, (x) for
t = s — 1 with adequate accuracy. Second- or third-order interpolation from the 3 or 4

dlosest values of xs (where p is the number of componentsin x and the norm |x, - x||°
is used as the measure of closeness) would be preferable to linear interpolation.

For each of those vdues the dgorithm smulates J vaues of x. For this purpose a
pseudo-random sample is required. J should be aufficdently lage to give adeguate

estimates of the parameters required to calculate L.
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6. CONCLUSION

In order to ensure tha the hedge portfolio is optimd, the asset categories should
generdly indude a sat of risk-free zero-coupon bonds (nomind or indexlinked or both,
depending on the nature of the ligbilities) maturing & successve year ends. For ligbilities
corresponding to such bonds, the hedge portfolio will comprise those bonds and the price
of the ligbilities will be equd to the price of the bonds. The market portfolio will indude
not only those bonds but aso new issues fromyear to year.

If the ligdlity is a contingent dam on one of the ast caegories moddled, the
implementation agorithm is a numericd solution of the option-pricing problem. As the
length of the time period reduces, the option price will tend to the continuous-time price
for the ALM process used. This is because the undiversfiable risk tends to zero. By usng
aWiener process, the program can be checked againgt the Black- Scholesformula

The assumption thet cash flows occur only a year-ends creates errors of approximation.
Nevethdess, while the method is not completdy accurate, it does dlow for an arbitrarily
sndl degree of inaccuracy, according to the length of the cdculation intervas used. It
could be modified to dlow for the payment of 50% of each year's cash flow a the
beginning of the year and 50% a the end S0 as to avoid bias. Grester accuracy might be
spurious.

On the other hend, the computationd demands increese as the caculation intervd is
reduced. The number of components in X: required for the purposes of caculaing

Cy|X, = x, , is dtrictly speeking equal to the number of data items that would be needed

for a veuaion of the lidbilities of the inditution. The number of possble combinations of
vaues of those components required for the purposes of interpolation would soon
become prohibitive.  Cash flows that can be diversfied by reinsurance or securitisation
should be modedled accordingly so as to reduce the number of components in the sate-
gpace vector. For the moddling of the spot yidd curve it would not be necessaxry to
modd each year's maurity as a component of X:;. Two or three principa components
may be adequate for that purpose (Maitland, 2002).

Because of the effects of corrdation between differet liadilities the price of a st of
lidbilities is not necessrily equa to the sum of the prices of the respective ligbilities, i.e.
the liability prices ae not additive This means thet, if a subsst of an inditution's
lidbilities is trandared to another inditution (for example on the trandfer of employees
from one penson fund to ancther), the trander price a which the tranderor would be
indifferent would be equd to the difference between the price of the ligbilities induding
those trandered and the price exduding them. The converse would agpply to the
tranderee. But because the lidbilities of the transferee before trandfer would not generdly
be the same as those of the trandferor after trandfer, the trandferor’s price would not
necessxily be equa to the trandereds This would necesstate negaotiation between the
repective prices, resulting in ether a win-win or a lose-ose outcome. The unique price
aoplies only to the liadlities in toto. This contragts with Carns's (op. cit.) finding thet
liability prices are additive. The reason lies in the dlowance made in this paper for the
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undiverdfigbility of unhedged lighiliies in contrest to Carnss definition of far vaue
(section 1).

Nevethdess for a paticular inditution with a given set of initid conditions and a
paticular ALM, the method outlined in this atide does gpproximete, to an arbitrarily
high levd of accuracy, a price that is uniqudy condgent with a maket in equilibrium
and decisonmeking in meanvariance sace. This goplies even if the maket is
incomplete. In particular, it is not assumed that there is an asst in the maket that
replicates the sdlary inflation of the fund concerned, nor even aggregete sdary inflation.

It has been argued by actuaries in the employee benefits field that markets cannot be
assumed to be in equilibrium. In particular, vaues of equities are reduced bdow market
prices (Kendd & Franklin, 1993) To some extent, this may aise from confuson
between vduation and capitd adequecy. But if actuaries are bold enough to write certain
asets down on the grounds that the maket is not in equilibrium, they should be
recommending the sale of such assdts.

The dochedic invetment modds currently avalable in the public doman (eg. Wilkie
1986, 1995; Carter, 1991, Thomson, 1996) do not purport to reflect equilibrium markets.
In order to implement the mean—variance pricing of lidblities a new generaion of
sochagtic moddsis required.

In this aticle it has been assumed that agents operate in mean-variance space. In the
absence of any assumption about the gpplicability or otherwise of expected-utility theory,
this implies that the didribution functions of the annud growth rates of invesments (and
the vdues of lidblities) ae dlipticdly symmeric. That is not necessxily true
Congdeation therefore needs to be given to the pricing of higher-order moments than
variances.

Wilkie (1997) shows that the CAPM fails in a multi-currency world. The implications of
that finding for mean~variance hedging in incomplete equilibrium markets need to be
explored.

In summary, further research is required in order to:

[0 reduce the computationd demands of the implementation dgorithm for a given leve
of accuracy;

[0 devdop auiteble stochastic models of date vectors that fedilitate the moddling of
unmarketable lighilities and of the market portfolio in equilibrium;

0 edablish a bass for the determination of the cegpitd required by an inditution with
auch ligilities

[0 dlow, in the case of a defined-bendfits penson fund, for the risk of the insolvency of
the employer;

[0 indude higher-order moments than variances in the pricing of risk; and

[0 explore the adaptation of the proposed method to a multi-currency world.
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