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Abstract. 
 
In the context of asset and liability management, we propose a portfolio selection model based 
on the expected return of the assets and the economic risk capital (ERC) associated to the 
asset liability portfolio, for short called mean-ERC asset liability portfolio selection. Mean-
ERC efficiency in asset and liability management is closely related and compared to mean-
variance efficiency in asset management. Distinguished but similar results are obtained for an 
economy without and with a riskless asset. An illustration for the important situation of a life 
insurance business is presented and discussed. 
 
Keywords  :  ALM, portfolio selection, economic risk capital, value-a t-risk, expected 

          shortfall, life insurance 
 
 
 
1. Introduction. 
 
     Modern asset liability management takes into account both the characteristics of the assets 
and liabilities to make investment decisions. Early and more recent asset liability portfolio 
models include Wise(1984a/b), Wilkie(1985), Sharpe and Tint(1990), Elton and 
Gruber(1992), Leibowitz et al.(1992), Keel and Müller(1995), etc. In the present paper we 
propose a portfolio selection model based on the expected return of the assets and the 
economic risk capital (ERC) associated to the asset liability portfolio, for short called mean-
ERC asset liability portfolio selection. The considered mean-ERC efficiency criterion is 
related and compared to the usual mean-variance criterion in asset management. Our method 
follows closely Alexander and Baptista(2000) and generalizes their results to an asset liability 
context. 
     The paper is organized as follows. In Section 2 we introduce our asset liability portfolio 
model and study its economic risk capital (ERC) using both the value-a t-risk and the expected 
shortfall approach. To examine and point out diversification effects between assets and 
liabilities, we look separately at the ERC of the liabilities, called liability risk capital (LRC), 
and at the ERC of the assets, called asset risk capital (ARC). Formulas are derived under a 
multivariate normal assumption. One has the subadditive property  ARCLRCERC +≤ , 
which shows that simultaneous asset and liability management has a diversification advantage 
compared to a separate asset management and liability management. A simple and practical 
additive allocation of ERC on the asset and liability components is obtained applying the 
covariance principle. Following Ballmann and Hürlimann(2001), we present ERC formulas 



 2

for the important situation of a life insurance business, which is our main application. In 
Section 3 mean-ERC asset liability portfolio selection is studied for an economy without 
riskless asset. Using the well-known mean-variance analytical results by Merton(1972), we 
derive the mean-ERC boundary, the mean-ERC efficient frontier, and the minimum ERC 
portfolio, which exists only under a restriction depending on the confidence level under which 
ERC is calculated. Furthermore, we characterize mean-ERC efficiency and present an 
interesting characterization of the mean-variance efficient frontier in terms of a minimum 
ERC portfolio at a prescribed confidence level. Section 4 adapts the results of Section 3 for an 
economy with a riskless asset. Finally, Section 5 presents and discusses an illustration for a 
life insurance business. 
 
 
2. ERC for an asset liability portfolio model. 
 
      Modern asset liability management takes into account both the characteristics of the assets 
and liabilities to make investment decisions. Early and more recent asset liability portfolio 
models include Wise(1984a/b), Wilkie(1985), Sharpe and Tint(1990), Elton and 
Gruber(1992), Leibowitz et al.(1992), Keel and Müller(1995), etc. In the present Section, we 
first introduce our asset liability portfolio model, and then define the economic risk capital of 
the portfolio. 
 
 
2.1. An asset liability portfolio model. 
 
      At an initial time  0=t   the assets are valued according to market prices with an initial 
value  0A   and are supposed to be tradable on the financial market. After one period at time  

Tt =   the assets with terminal random value  TA   meet the liabilities with random value  TL . 
The liabilities, which are supposed to be non-tradable are valued according to some specific 
accounting rules. It is assumed that the certainty equivalent of  TL   at time  0=t   is equal to  

[ ]TLH , the value obtained from a so-called pricing principle. For example, if one applies the 
standard deviation principle one has  [ ]

TTT LLLTLH σνµ ⋅+=   with  [ ]TL LE
T

=µ   the expected 

value of the liabilities, [ ]TL LVar
T

=σ   the standard deviation of the liabilities, and  
TLν   the 

loading factor (or risk-reward ratio). The assets are invested in  n  risky securities with rates of 
return  iR   over the one-period  [ ] niT ,...,1,,0 = . The investment strategy consists of a 

portfolio choice  w ( )nww ,...,1=   with  1
1

=∑
=

n

i
iw , where  iw   is the proportion of wealth 

invested in security  i. The vector of expected returns is denoted by  µµ ( )nµµ ,...,1=   with  

[ ]ii RE=µ , and the covariance matrix is  ΣΣ ( )ijσ=   with  [ ] njiRRCov jiij ,...,1,,, ==σ . The 

rate of return of a portfolio  w  is denoted by  ∑
=

=
n

i
iiw RwR

1

  with mean  T
w w⋅= µµ   and 

variance  T
w ww ⋅Σ⋅=2σ . To summarize, the asset and liability portfolio is described by the 

set of quantities 
 

[ ]{ }wLHLAPF
TT LLTTw ,,,,,,,0 Σ= µσµ .   (2.1) 
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2.2. The notion of economic risk capital. 
 
      Depending on the portfolio choice  w, the initial surplus is  [ ]TLHAS −= 00 , and after one 

period the final surplus is  TwT LRAS −+⋅= )1(0 . In order to associate an economic risk 
capital to the asset liability portfolio, one considers the random loss over the period defined as 
the negative increase in surplus at time  T, that is 
 

[ ]( ) wTTTT RALHLSSV ⋅−−=−= 00 .   (2.2) 
 

To be able to cover any loss with a high probability, the portfolio manager borrows at time  
0=t   the amount  0ERC , called economic risk capital. At time  T, interest on this is due at 

the rate  Rµ   over the period. To guarantee with certainty the value of the borrowed capital at 

time  T, the amount  0ERC   is invested at the riskless rate  Rf µµ < . The value of the 

economic risk capital at time  T  is  ( )RfT ERCERC µµ −+⋅= 10 . 

     There exist several risk management principles applied to determine  TERC . Two simple 
methods are the value-a t-risk and the expected shortfall approach (e.g. Arztner et al.(1997), 
Arztner(1999), Embrechts(1995), Wirch(1999)). According to the value-a t-risk method one 
identifies  TERC   with the value-at-risk at the confidence level  α   of the loss setting 
 

[ ] )(: αα TVTT QVVaRERC == ,     (2.3) 
 

where  { }uxFxuQ XX ≥= )(inf)(   denotes a quantile function of the random variable  X   and  

)Pr()( xXxFX ≤=   ist the distribution function of  X. This quantile represents the maximum 
possible loss, which is not exceeded with the (high) confidence level  α . According to the 
expected shortfall method one identifies  TERC   with the risk-adjusted capital at the 
confidence level  α   of the loss setting 
 

[ ] [ ][ ]TTTTT VVaRVVEVRaCERC αα >== : .   (2.4) 
 

This value represents the conditional loss given the loss exceeds its value-a t-risk. One has 
 

[ ] [ ] [ ])(
1

)()()( απ
ε

αααα TTTTTT VVVVVVT QQQmQVRaC ⋅+=+= ,  (2.5) 

 

where  [ ]xXxXExmX >−=:)(   denotes the mean excess function of  X, 

)())(1()( xmxFx XXX ⋅−=π   is the stop-loss transform, and  αε −= 1   is interpreted as loss 
probability (also called loss tolerance level). Mathematically, VaR and RaC, which have been 
defined as functions of random variables, may be viewed as functionals defined on the space 
of probability distributions associated with these random variables. By abuse of language, we 
will use the terminology functionals when appropriate. 
     It is important to observe that both  ERC  functionals satisfy two important risk-preference 
criteria in the economics of insurance (see Denuit et al.(1999) for a recent review). They are 
consistent with the risk preferences of profit -seeking decision makers respectively profit-
seeking risk averse decision makers. Indeed, one has the following stochastic and stop-loss 
order relations (e.g. Hürlimann(2001)) : 
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[ ] [ ]YVaRXVaRYX st αα ≤⇔≤ ,  for all  [ ]1,0∈α ,  (2.6) 

[ ] [ ]YRaCXRaCYX sl αα ≤⇔≤ ,  for all  [ ]1,0∈α .  (2.7) 
 

However, except in a world of elliptical linear portfolio losses (Embrechts et al.(1998), 
Fundamental Theorem of Risk Management), the VaR functional has several shortcomings. It 
is not subadditive and not scalar multiplicative, and it cannot discriminate between risk-averse 
and risk-taking portfolios (examples 1 to 3 in Wirch(1999)). In contrast to this, the RaC 
functional, which is subadditive and scalar multiplicative, is a coherent risk measure in the 
sense of Arztner et al.(1997) and appears thus more suitable in general. 
 
 
2.3. ERC formulas . 
 
To determine  TERC , let us use the normalized loss  wV   of the portfolio  wPF   defined by 
 

[ ]( ) wLL
T

w RRHR
A
V

V −−==
0

,    (2.8) 

 

where  
0A

L
R T

L =   represents the liability rate per unit of the initial investment amount, and the 

calculation principle  [ ]⋅H   has the positive homogeneous property such that  [ ] [ ]
0A
LH

RH T
L = .  

Denote by  Lµ   and  Lσ   the mean and standard deviation of  LR . Without specification of the 
multivariate distribution of  ( )nL RRR ,...,, 1   the quantities (2.3) and (2.4) cannot be calculated. 

For simplicity, let us assume a multivariate normal distribution, and let  wρ   denote the 

correlation coefficient between  LR   and  wR . More generally, it is reasonable to assume that  

( )nRR ,...,1   has a multivariate normal,  t  or elliptical distribution, such that  wR   has still a 

normal,  t  or elliptical distribution, and to specify a bivariate distribution for  ( )wL RR , , where  

LR   is not necessarily normally distributed, for example applying copula functions. To 
examine and point out diversification effects between assets and liabilities, it is of interest to 
look separetely at the economic risk capital of the normalized liability loss  [ ]LL

L RHRV −= , 
called liability risk capital and abbreviated  LRC, and at the economic risk capital of the 
normalized asset loss  w

A
w RV −= , called asset risk capital and abbreviated ARC. 

 
Proposition 2.1.  The value-at-risk economic risk capitals associated to the normalized losses 
of an asset liability portfolio  wPF   under a multivariate normal distribution are given by 
 

 [ ] ( ) ( ) 2221 1)( LwLwwLLwwVVaR σρσρσασνµα −+−Φ+−−= −   (2.9) 

[ ] ( ) LL
LVVaR σναα −Φ= − )(1     (2.10) 

[ ] ww
A

wVVaR µσαα −Φ= − )(1     (2.11) 
 

Proof.  This follows from the definition of  [ ]⋅αVaR   noting that  XXXQ σαµα )()( 1−Φ+=   for 

any normally distributed random variable  X.  ◊ 
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Proposition 2.2.  The expected shortfall economic risk capitals associated to the normalized 
losses of an asset liability port folio  wPF   under a multivariate normal distribution are 
 

 [ ] [ ] ( ) ( ) 2221 1)(
1

1
LwLwwLLwwVRaC σρσρσαϕ

α
σνµα −+−Φ

−
+−−= −   (2.12) 

[ ] [ ] LL
LVRaC σναϕ

αα 




 −Φ

−
= − )(

1
1 1    (2.13) 

[ ] [ ] ww
A

wVRaC µσαϕ
αα −Φ

−
= − )(

1
1 1     (2.14) 

 
Proof.  This follows from the definition of  [ ]⋅αRaC   noting that  

[ ] [ ] [ ]( )XXXXX QQ µαααϕσαπ −−−Φ= − )()1()()( 1  for any normally distributed random 
variable  X.  ◊ 
 
The algebraic structure of the ERC formulas is identical in both approaches, the difference 

lying in the factors  )(1 α−Φ   respectively  [ ])(
1

1 1 αϕ
α

−Φ
−

, denoted  *α   for a common use in 

the following. The ERC quantities are increasing functions of  *α , hence also of the 
confidence level  α . The effect of the liability risk on ERC is threefold depending on the 
factor loading  Lν , the standard deviation  Lσ   of the liability rate  LR , and the correlation 
between  LR   and  wR . Comparing  ERC  of  wV   with the economic risk capitals  LRC  and  

ARC  of the additive components  LV   and  A
wV   reveals the subadditive property 

 
ARCLRCERC +≤ ,     (2.15) 

 

which follows from the inequality  ( ) ( ) ( )2222 1 LwLwLww σσσρσρσ +≤−+−   valid for all  

1−≥wρ . Performing asset and liability management simultaneously has a diversification 
advantage compared to a separate asset management and liability management. 
     If strict inequality  ARCLRCERC +<   holds, then a participant of a global asset liability 
market can sell  LRC  and  ARC  of the components  LV   and  A

wV   separately and buy back  

ERC  of  wV , making a riskless profit of amount  0>−+ ERCARCLRC   on economic risk 
capital. To avoid such arbitrage opportunities, one looks for “fair” allocations of   ERC  on the 
asset liability components satisfying the additive property  ARCLRCERC += . A simple and 
practical solution is a covariance principle such that 
 

[ ] [ ]
[ ] [ ]( )w

w

w
L

wL
w VEERC

VVar
VVCov

VELRC −+= ,
,   (2.16) 

[ ] [ ]
[ ] [ ]( )w

w

w
A

wA
w VEERC

VVar
VVCov

VEARC −+= ,
.   (2.17) 

 
 
2.4. ERC for life insurance. 
 
     An important and main example to which the considered asset liability portfolio model 
applies is life insurance, including the special instance of pensions funds. In this situation  
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ERC  modelling has been considered in details by Ballmann and Hürlimann(2001). Recall 
that, refraining from the cost process, the random loss over a period  [ )1, +tt   of a life 
business at time  1+t   can be represented as 
 

( ) ( ) ( )( )L
t

R
tt

w
t

L
tttt iSIiDKV +−+−⋅+= +++ 1111 ππ ,  (2.18) 

 
where  tDK   are the mathematical reserves at time  t,  R

tt ππ ,   are the net and risk premiums 

due at time  t,  L
ti   is the guaranteed technical interest rate,  1+tS   are the aggregate claims at 

time  1+t   (stochastic sum of the difference between individual benefits and mathematical 
reserves over all claims in the period  [ )1, +tt ), and  T

t
w
t wII ⋅= ++ 11   is the rate of return over 

the period  [ )1, +tt   of an asset portfolio with weights  w  and vector of returns  

( )n
ttt III 1

1
11 ,..., +++ = . Comparing (2.18) with (2.2) it appears adequate to define the asset liability 

portfolio (2.1) as follows : 
 

[ ]{ }
[ ].,),1,...,1(

,,,,,),1(,,

11

11 111

j
t

i
tij

L
tSS

L
t

R
tttttw

IICove

weiiSHSDKPF
tt

++

++

==

Σ⋅−+=+=
+

σ

µσµππ
 (2.19) 

 
It is assumed that the rate of return  w

tI 1+   is independent of the aggregate claims  1+tS , hence  

[ ] 0, =Lw RRCov   and  0=wρ . The assumption of normally distributed aggregate claims in life 
insurance seems justified for practical ERC calculations, as shown in Ballmann and 
Hürlimann(2001), Section 6. The value-at-risk and expected shortfall economic risk capitals 
associated to the normalized losses of  wPF   are calculated according to the Propositions 2.1 
and 2.2, and allocated to the liability and asset components using (2.16) and (2.17). In the 
terminology of Ballmann and Hürlimann(2001), the liability risk capital  LRC  corresponds to 
the insurance risk capital  IRC  and the asset risk capital  ARC  corresponds to the market risk 
capital  MRC. Measured in units of the invested capital  ttDK π+ , the economic risk capital 
of a life insurance business is given by the formula  
 

LLLwLw rERC +−−+= σνµσσα 22*    (2.20) 

 

where one sets  )(1* αα −Φ=  (value-a t-risk method) respectively  [ ])(
1

1 1* αϕ
α

α −Φ
−

=   

(expected shortfall method) and 
 

tt

S
L DK

t

π

σ
σ

+
= +1 ,     (2.21) 

1

1
)1(

+

+
−+

=
t

t

S

S
L
t

R
t

L

i

σ

µπ
ν ,    (2.22) 

L
tL ir = .      (2.23) 
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3. Mean-ERC versus mean-variance analysis without riskless asset. 
 
     By fixed liability structure, the economic risk capital to the confidence level  α   associated 
to the normalized loss of an asset liability portfolio  wPF , under a multivariate normal 

distribution and the assumption  0=wρ   made in life insurance, is described by the function 
 

LLwLwwC ονµσσαα −−+= 22*),( ,    (3.1) 
 

Note that the shift of  Lr   in (2.20) due to the guaranteed technical interest rate in life 
insurance is not taken into account here. One makes the assumption  ( )1,2

1∈α , which implies 

that  0* >α . 
 
 
3.1. Mean-ERC boundary and mean-ERC efficient frontier. 
 
     We consider the notions of mean-ERC boundary and mean-ERC efficient frontier and 
relate them with the similar notions in mean-variance analysis. We closely follow Alexander 
and Baptista(2000) and generalize their results to the asset liability context. The set  

{ }1=∈= ∑ i
n wRwW   describes all portfolio choices. 

 
Definitions 3.1.  A portfolio  Ww ∈   belongs to the mean-ERC boundary at the confidence 
level  α   if and only if, for some  µ ,  w   solves the problem 
 

),(min wC
Ww

α
∈

  subject to  µµ =w .    (3.2) 

 
A portfolio  Ww ∈   belongs to the mean-variance boundary if and only if, for some  µ ,  w   

solves the problem  2min wWw
σ

∈
  subject to  µµ =w . 

 
Property 3.1.  Since  0* >α   a portfolio belongs to the mean-ERC boundary if and only if it 
belongs to the mean-variance boundary. 
 
From Merton(1972) or Huang and Litzenberger(1988), Section 3.11, one knows that portfolio  
w   belongs to the mean-variance boundary if and only if 
 

1
1

2

2

2

=





 −

−

C
D

C
A

C

w
w

µ
σ

,     (3.3) 

 
where the constants are defined by 
 

,,

,,
21

11

ABCDeeC

BeA
T

TT

−=Σ=

Σ=Σ=
−

−− µµµ
    (3.4) 
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where  ( )1,...,1=e   denotes the  n-dimensional unit vector, and  B, C, D  are positive. In the 
standard deviation mean  ( )µσ, -space the equation (3.3) represents a hyperbola with center  








C
A

,0   and asymptotes  σµ ⋅±=
C
D

C
A

, where the point  





=

C
A

C
m ,

1
σ   defines the 

minimum variance portfolio. Using Property 3.1 the mean-ERC boundary equation is obtained 
from (3.3) using (3.1). Solving (3.1) for  wσ   one obtains the necessary condition on  Lσ   
(assumed in the following) : 
 

0
),( 2

2

*
2 >−





 ++= L

LLw
w

wC σ
α

ασνµσ .   (3.5) 

 
It follows that a portfolio  w  belongs to the mean-ERC boundary if and only if 
 

1
1

),(

2

2
2

2

*

=





 −

−
−





 ++

C
D

C
A

C

wC
wL

LLw µσ
α

ασνµ

.  (3.6) 

 
In contrast to the above, the geometric representation in the ERC-mean  ( )µ,C -space of the 

equation (3.6) is not a conic section, but a simple transformation of it. Solving (3.6) for  wµ   
one obtains the hyperbola like curve 
 

[ ] [ ]

.
1

,

),(),(

2

2*

2*2*

LLL

w

C
F

C
A

E

C
D

F
C
D

EwC
C
D

EwC
C
D

C
A

σσν

α

αααα
µ

+=+=

−







 −−+±+

+=
, (3.6’) 

 

As seen later in Proposit ion 3.1, the minimum  ERC  portfolio exists exactly when  
C
D

>*α   

and, as will be shown, the economic properties of (3.6’) are similar to those of the mean-
variance boundary. A detailed discussion of the geometric structure of (3.6’), including the 
limiting cases  0* →α   and  ∞→*α   is left to the reader (see Alexander and Baptista(2000) 
in the asset only case, and Section 5 for an example). 
 
Definitions 3.2.  A portfolio  Ww ∈   belongs to the mean-ERC efficient frontier at the 
confidence level  α   if and only if no portfolio  Wv ∈   exists such that  wv µµ ≥   and  

),(),( wCvC αα ≤ , where at least one of the inequalities is strict. A portfolio  Ww∈   belongs 

to the mean-variance efficient frontier if and only if no portfolio  Wv ∈   exists such that  

wv µµ ≥   and  wv σσ ≤ , where at least one of the inequalities is strict. 
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3.2. The minimum ERC portfolio. 
 
As a portfolio  w  moves along the mean-ERC efficient frontier, one observes two effects : the 
standard deviation effect, which acts through the term proportional to  *α , and the mean 
effect, which acts through the term  LLw ονµ + . If the confidence level is not large enough so 
that the standard deviation effect prevails the mean effect, then the minimum ERC problem 
has no solution. In the following the existence problem is settled, and the minimum ERC 
portfolio with its minimum ERC are expressed in analytical closed-form. One requires a 
preliminary result. 
 
Lemma 3.1.  If the miminum ERC portfolio at the confidence level  α   exists, then it is 
mean-variance efficient. 
 
Proof.  Suppose the minimum ERC portfolio exists and denote it  αm . If  αm   is not mean-

variance efficient, then there exists  Wv ∈   such that  
α

µµ mv ≥ , 
α

σσ mv ≤ , with at least one 

strict inequality. One obtains from (3.1) that  ),(),( ααα mCvC < , which contradicts the fact 

that  αm   is the minimum ERC portfolio.  ◊ 
 
Proposition 3.1. The minimum  ERC  portfolio at the confidence level  α   exists if and only 

if  
C
D

>*α . If the condition  
C
D

>*α   is fulfilled, then the minimum ERC portfolio  

Wm ∈α   is given by 


















 −++=

CC
D

C
A

hgm m

12

α
σα     (3.7) 

 
where  g  and  h  are the vectors defined by 
 

( ) ( )[ ] ( ) ( )[ ]TTTT eAC
D

hAeB
D

g 1111 1
,

1 −−−− Σ−Σ=Σ−Σ= µµ ,   (3.8) 

and 

DC

D L
m

−
+= 2*

22*

α

σασ
α

.     (3.9) 

 
Furthermore, the minimum ERC is given by 
 

LLmLm CC
D

C
A

mC ονσσσαα
ααα −

















 −+−+= 1

),( 222* .  (3.10) 

 
Remark 3.1.  In the asset only case, that is if  0=Lσ , the formulas (3.7) and (3.10) are 
identical to the formulas (11) and (12) in Alexander and Baptista(2000). 
 

It is useful to express the necessary and sufficient condition  
C
D

>*α   in terms of the 

confidence level. 
 



 10 

Lemma 3.2.  The condition  
C
D

>*α   is equivalent to the following conditions : 

 

VaR case : 





Φ>

C
Dα  

RaC case : 

















Φ−> −

C
D

M 11α , where  1−M   denotes the inverse function of the Mill’s 

ratio  
)(
)(

)(
x
x

xM
Φ

=
ϕ

. 

 

Proof.  The VaR case is trivial. In the RaC case one has  [ ]
C
D

>−Φ⋅
−

= − )1(
1

1 1* αϕ
α

α . 

Setting  )1(1 αβ −Φ= −   one has  
C
D

M >)(β , which is equivalent to  





< −

C
D

M 1β   

because  )(xM   is strictly decreasing.  ◊ 
 

Proof of Proposition 3.1.  First, we show that  
C
D

>*α   is a necessary condition for the 

existence of  αm . From (3.3) one has 
 






 −+=

CC
D

C
A

ww

12σµ     (3.11) 

 
for all  Ww∈   on the mean-variance efficient frontier. One has to solve  ),(min wC

Ww
α

∈
. As 

noted in Section 3.1, the standard deviation of the minimum variance portfolio is given by  
1−= Cmσ

σ . Using Lemma 3.1, (3.1) and (3.11), one has to solve 
 

LLL
C CC

D
C
A ονσσσα

σ
−


















 −+−+






 ∞∈ −

1
min 222*

,1

  (3.12) 

 
to determine the ERC of the minimum ERC portfolio. A necessary condition for  

σ
σσ m=   to 

solve (3.12) is 
 

0
1

1

2
22

*222* =
−

−
+

=












−
















 −+−+

∂
∂

C

C
D

CC
D

C
A

L

LLL

σ

σ

σσ

σ
αονσσσα

σ
,     (3.13) 
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hence  
α

σ m   is given by (3.9), and necessarily  
C
D

>*α . To show that this is a sufficient 

condition for the existence of the minimum, we show that the function in (3.12) is convex. 
This follows from the calculation 
 

[ ] ( )∞∈>





 −

+
+

⋅=



















−
−

+∂
∂

=












−

















 −+−+

∂
∂

− ,,0
1

1

1

1

1
2/3

2
2/322

2
*

2
22

*222*
2

2

C

C

C
D

C

C

C
D

CC
D

C
A

L

L

L

LLL

σ

σσσ

σ
α

σ

σ

σσ

σ
α

σ
ονσσσα

σ

   (3.14) 

 
By Huang and Litzenberger(1988), pp. 64-65, for any  wµ   there exists a unique mean-

variance boundary portfolio  Ww ∈   with expected return  wµ   such that  whgw µ+= . Using 

(3.11) this implies the relation (3.7). Finally, (3.10) is immediate.  ◊ 
 
The solutions to the minimization problems (3.1) and (3.2) are always distinct, as stated in the 
following result. 
 
Corollary 3.1.  If it exists, the minimum ERC portfolio at the confidence level  1<α   lies 
above the minimum variance portfolio on the mean-variance efficient frontier. 
 
Proof.   From Lemma 3.1 one knows that the minimum ERC portfolio belongs to the mean-
variance efficient frontier. As noted in Section 3.1, the mean of the minimum variance 

portfolio equals  
C
A

m =
σ

µ . Using (3.11) one obtains  
σαα

µσµ mmm CC
D

C
A >





 −+= 12 , which 

shows the result.  ◊ 
 
 
3.3. Characterization of mean-ERC efficiency. 
 
     The following result characterizes the mean-ERC efficient frontier. 
 

Proposition 3.2.   If  
C
D

>*α   then a portfolio is mean-ERC efficient at the confidence level  

α   if and only if it belongs to the mean-ERC boundary and it has an expected rate of return 
greater than or equal to the expected rate of return of the minimum ERC portfolio at that 

confidence level. If  
C
D≤*α   then no mean-ERC efficient portfolio exists at the confidence 

level  α . 
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Proof.  To show the first part of the affirmation, it suffices to verify that  0
),(

2

2

>
∂

∂

w

wC

µ
α

  for 

every mean-ERC boundary portfolio  Ww∈ . Using (3.1) one has 
 

  ,1
22

* −
+

∂
∂

=
∂
∂

Lw

w

w
w

w

C

σσ

µ
σσ

α
µ

       

[ ]
[ ] .2/322

22
2

2
2

2

*
2

2

Lw

Lw

w

w
wL

w

w
w

w

C

σσ

σσ
µ
σ

σσ
µ
σ

σ
α

µ +

+
∂
∂

+





∂
∂

=
∂
∂

  (3.15) 

 
Since  w  belongs to the mean-variance boundary by property 3.1, one has from (3.3) that 
 

( )
C
D

C
A

w
w C

2
1 −

+=
µ

σ .    (3.16) 

 

Since  0
1

22

2

>=
∂
∂

ww

w

Dσµ
σ

  (3.15) implies  02

2

>
∂
∂

w

C

µ
. The second part of the affirmation 

follows from the inequality 
 

( )
01

1
1

2

*

22

* <−
−

+

−
≤−

+

∂
∂

=
∂
∂

C
D

C
A

w

w

Lw

w

w
w

w

CC
D

C
A

C

µ

µ
α

σσ

µ
σσ

α
µ

, 

 
which implies that for any  Ww ∈   there is a  Wv ∈   with both higher expected rate of return 
and lower ERC, which is equivalent to mean-ERC inefficiency.  ◊ 
 
Corollary 3.2.  The minimum variance portfolio is mean-ERC inefficient at any confidence 
level  1<α . 
 
Proof.  This follows from Proposition 3.2 using the inequality  

σα
µµ mm >   shown in the proof 

of Corollary 3.1.  ◊ 
 
Similarly to the Corollaries 3 to 5 in Alexander and Baptista(2000) it is possible to show the 
following assertions : 
 
•   The minimum ERC portfolio converges to the minimum variance portfolio as  1→α . 
•   The set of mean-ERC efficient portfolios is a proper subset of the set of mean-variance 
efficient portfolios in case  1<α , but the former converges to the latter as  1→α . 
•   The expected rate of return of the minimum ERC portfolio converges to infinity and the set 

of mean-ERC efficient portfolios converges to the empty set as  
C
D

↓*α . 
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The last result has two important consequences. First, asset liability managers that minimize 
ERC at relatively small confidence levels choose portfolios with large expected rates of return 
and are thus exposed to high risks as measured by standard deviation. Second, using ERC at a 
small confidence level reduces the set of mean-ERC efficient portfolios, which may even 
become empty.  
 
 
3.4. Characterization of mean-variance efficiency. 
 
     The close relationship between mean-ERC and mean-variance analysis can be exploited 
further to characterize the mean-variance efficient frontier. 
 
Proposition 3.3.  A portfolio  { }σmWw −∈   belongs to the mean-variance efficient frontier if 
and only if  w  is the minimum ERC portfolio at the confidence level  α   determined by 
 

Cm

m

m

L

C
D

12

22

2* 1
−

⋅⋅
























+=

α

α

α
σ

σ

σ
σ

α ,   (3.17) 

( )
C
D

C
A

w
m C

2
1 −

+=
µ

σ
α

.    (3.18) 

 
Proof.   The sufficient condition follows immediately from Lemma 3.1. To show the 
necessary condition, let  { }σmWw −∈   be arbitrary. Since  w  is mean-variance efficient one 

has  whgw µ+= , mit  hg ,   as in (3.8). By Proposition 3.1, if there exists  
α

σ m   satisfying 
(3.9) such that 






 −+=

CC
D

C
A

mw

12

α
σµ ,    (3.19) 

 
then  w  is the minimum ERC portfolio at the confidence level  α . From (3.19) one obtains 
immediately (3.18). Solving (3.9) for  *α   shows (3.17).  ◊ 
 
     This result has the following interesting interpretation for strategic asset allocation. Asset 
liability managers that select their portfolios on the mean-variance efficient frontier without 
taking into account the liabilities act as if they were choosing a minimum ERC portfolio at a 
prescribed confidence level, which depends on the volatility of the liability rate per unit of 
invested capital. Moreover, any mean-variance efficient portfolio  { }σmWw −∈   is mean-
ERC inefficient (efficient) at any confidence level lower than (greater than or equal) to the 
level determined by (3.17). 
 
 
4. Mean-ERC versus mean-variance analysis with a riskless asset. 
 
     Suppose that in the economy there are  n  risky assets and a riskless one with rate of return  

0>fµ . Let  { }11 =∈= ∑+
i

n
f wRwW , where  1+nw   is the proportion of wealth invested in 

the riskless asset. One says that  fWw ∈   belongs to the mean-ERC boundary at the 

confidence level  α   if and only if, for some  µ ,  w   solves the problem 
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),(min wC

fWw
α

∈
  subject to  µµ =w .    (4.1) 

 
Clearly Property 3.1 holds in the extended economy. From Merton(1972) or Huang and 
Litzenberger(1988), Section 3.11, one knows that  fWw ∈   belongs to the mean-variance 

boundary if and only if 
 

( )22 1
fww H

µµσ −= ,     (4.2) 

 
where  022 >+−= BACH ff µµ , with  CBA ,,   as in (3.4). Under the necessary condition 

(3.5) a portfolio  fWw ∈   belongs to the mean-ERC boundary if and only if 

 

( )
LLwL

fw

H
wC σνµσ

µµ
αα −−+

−
= 2

2
*),( .  (4.3) 

 
Solving (4.3) for  wµ   one obtains in the  ( )µ,C -space 
 

[ ] [ ] ( )
.

),(),(
2*

22*2*

LLf

L
fw

E
H

HEwCHEwCH

σνµ
α

σαααα
µµ

+=
−

−−+±+
+=   (4.3’) 

 
This looks like a hyperbola and has a more complicated geometric structure than the mean-
variance boundary (4.2), which consists of two lines. The notions of mean-ERC efficiency 
and mean-variance efficiency are similar to those in Definitions 3.1, and Lemma 3.1 holds in 
the extended economy. The minimum ERC portfolio is determined as follows. For 
convenience, the vector  w  is decomposed in the following as  ( )fr www ,= , where  

( )n
r www ,...,1=   and  1+= n

f ww . 
 
Proposition 4.1. The minimum  ERC  portfolio at the confidence level  α   exists if and only 

if  H>*α . If  H>*α   then the minimum ERC portfolio  ( ) f
fr Wmmm ∈= ααα ,   is 

 

( ) ∑
=

− −=−Σ=
n

i
i

fmT
f

r mm
H

em
1

1 )(1, ααα
α

σ
µµ ,  (4.4) 

LmLfm
H

H

H

H
σ

α
σσ

α
µµ

αα
⋅

−
=⋅

−
+= 2*2*

,   (4.5) 

and the minimum ERC is given by 
 

LLfLHmC σνµσαα α −−⋅−= 2*),( .   (4.6) 
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Proof.   The minimum variance portfolio  σm   has mean  fm µµ
σ

=   and standard deviation  

0=
σ

σ m . Using Lemma 3.1, (3.1), and the fact that the mean-variance efficient frontier 

consists of the half-line  wfw H σµµ ⋅+= , one has to solve 

 

[ )
{ }LLfL H σνµσσσα

σ
−−−+

∞∈

22*

,0
min .   (4.6) 

 

A necessary condition for  
α

σσ m=   is  { } 0
22

* =−
+

=
∂
∂

H
Lσσ

σ
α

σ
, which implies 

 

22
2*

LH
H σσ

α
=









 −
,     (4.7) 

 

hence  H>*α . Since  { } 0
)( 2

322

2
*

2

2

>
+

=
∂
∂

L

L

σσ

σ
α

σ
, these conditions are sufficient. Using 

that  wfw H σµµ ⋅+=   the formulas (4.5) and (4.6) follow immediately. By Huang and 

Litzenberger(1988), p.76, for any  wµ   there exists a unique mean-variance boundary 

portfolio  fWw ∈   with expected return  wµ   such that  

( ) ∑
=

− −=
−

−Σ=
n

i
i

ffwT
f

r ww
H

ew
1

1 1,
µµ

µµ . Using that  wfw H σµµ ⋅+=   and setting  

αmw =   one gets (4.4).  ◊ 
 
Corollary 4.1.  If it exists, the minimum ERC portfolio at the confidence level  1<α   lies 
above the minimum variance portfolio on the mean-variance efficient frontier. 
 
Proof.  This follows from (4.4) noting that  

σα
µµµ mfm => .  ◊ 

 
The characterization of the mean-ERC efficient frontier is similar to Proposition 3.2. 
 

Proposition 4.2.   If  H>*α   then a portfolio is mean-ERC efficient at the confidence level  
α   if and only if it belongs to the mean-ERC boundary and it has an expected rate of return 

greater than or equal to  
α

µm . If  H≤*α   then no mean-ERC efficient portfolio exists at the 

confidence level  α . 
 

Proof.  To show the first assertion, it suffices to verify that  0
),(

2

2

>
∂

∂

w

wC

µ
α

  for every  

fWw ∈ . The formula (3.15) still holds. If  fw µµ ≥   one has  
H

fw
w

µµ
σ

−
=   because  w  

belongs to the mean-variance boundary. Since  02

2

=
∂
∂

w

w

µ
σ

  (3.15) implies  02

2

>
∂
∂

w

C

µ
. If  

fw µµ <   one has  
H

wf
w

µµ
σ

−
=   and  01

22

*

<−
+

−=
∂
∂

Lw

w

w H

C

σσ

σα
µ

,  and no portfolio on 
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the mean-variance boundary is mean-ERC efficient. If  H≤*α   and  fw µµ ≥   one has  

H
fw

w

µµ
σ

−
=   and  01

22

*

<−
+

=
∂
∂

Lw

w

w H

C

σσ

σα
µ

, which implies mean-ERC inefficiency.  ◊ 

 
Corollary 4.2.  The minimum variance portfolio is mean-ERC inefficient at any confidence 
level  1<α . 
 
Proof.  This follows from Proposition 4.2 noting that  

σα
µµµ mfm => .  ◊ 

 
It is possible to state in the extended economy assert ions similar to those made after Corollary 
3.2. This task is left to the reader. As a further result, it appears most interesting to 
characterize the mean-variance efficient frontier, as done in Proposition 3.3. 
 
Proposition 4.3.   A portfolio  )1,0(),( ≠= fr www   belongs to the mean-variance efficient 
frontier if and only if  w  is the minimum ERC portfolio at the confidence level  α   
determined by 
 























−

+⋅=
2

2* 1
fw

LHH
µµ

σ
α .    (4.9) 

 
Proof.  By Lemma 3.1 the condition is sufficient. Let now  )1,0(≠w . Since  w  is mean-

variance efficient one has necessarily  ( )
H

ew fwT
f

r µµ
µµ

−
−Σ= −1 . By Proposition 4.1, if 

there exists  
α

σ m   satisfying (4.5) such that 

 

H

H
H L

fmfw

−
+=⋅+=

2*α

σ
µσµµ

α
,   (4.10) 

 
then  w  is the minimum ERC portfolio at the confidence level  α . Solving (4.10) for  *α   
shows (4.9).  ◊ 
 
     It is important to remark that the interpretations given after Proposition 3.3 also hold in the 
extended economy with a riskless asset. Let us conclude by pointing out a difference between 
the obtained mean-ERC efficient sets in the two economies without and with a riskless asset, 
which is completely similar to the observation made in Alexander and Baptista(2000). One 

knows that  
C
D

H ≥ , and that strict inequality holds if and only if  
C
A

f ≠µ . Given a 

confidence level it is easier to obtain an empty mean-ERC efficient set when there is a riskless 

asset in the economy. If  
C
D

H > , then for any confidence level  α   such that  







∈ H

C
D

,*α , the mean-ERC efficient set is empty in the economy with a riskless asset 

even though it is not empty in the economy without riskless asset.  
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5. Example from life insurance . 
 
     Let us illustrate our results at a simple asset liability portfolio model from life insurance 
with the following characteristics. There are three asset categories consisting of a riskless 
asset with return  03.0=fµ , a bond portfolio with return  05.01 =µ   and volatility  1.01 =σ , 

and an equity portfolio with return  1.02 =µ   and volatility  2.02 =σ . Let  5.012 =ρ   be the 

correlation between the bond and equity portfolios. The covariance matrix  )( jiij σσρ=Σ   and 

its inverse  1−Σ=Ω   are given by 
 







−

−
⋅=Ω





⋅=Σ −

11

14

3
10

,
41

11
10

2
2 .   (5.1) 

 
Suppose the life insurance business invests the amount  50=+ ttDK π  Mrd., and the net risk 

premium at the end of the period reads  500)1( =+ L
t

R
t iπ  Mio., where  035.0=L

ti   is the 

technical interest rate. The aggregate claims have a mean  375
1

=
+tSµ  Mio.  and a standard 

deviation  875.235
1

=
+tSσ  Mio. . According to (2.21)-(2.23) the liability characteristics are 

herewith 
035.0,52994.0,00472.0 === LLL rνσ .   (5.2) 

 
We distinguish between mean-ERC analysis without and with a riskless asset, and display the 
fundamental difference between the two approaches for the management of a life insurance 
business. We calculate ERC according to the value -at-risk method.  
 
 
5.1. Mean-ERC analysis without riskless asset. 
 
    To construct the mean-ERC boundary, one needs the figures (see (3.4) and (3.6’)) : 
 

.01002.0
1

),)!'6.3((0175.0

,
3

25
,100,

3
1

,5

2 =+=

=−+=

====

L

LLLL

C
F

inrofshiftr
C
A

E

DCBA

σ

σν     

 
Let  99.0=α   be the confidence level such that  32635.2)(1* =Φ= − αα . A graph of the 
mean-ERC boundary is displayed in Figure 5.1. 
     To obtain the minimum ERC portfolio according to Proposition 3.1, one needs the vectors  
g  and  h  defined in (3.8) and equal to  )19,18(),1,2( −=−= hg . One obtains  

21359.0),(min =αα mC   for the minimum ERC portfolio  )07228.0,92771.0(=αm   with 

corresponding mean  05361.0=
α

µm   and standard deviation  10078.0=
α

σ m . In contrast to 

this the minimum variance portfolio is  )0,1(=σm   (100% in the risky bond portfolio) with 

corresponding mean  05.0=
σ

µm , standard deviation  1.0=
σ

σ m , and  21539.0),( =σα mC .  
For more general applications, we note by passing that the minimum variance portfolio is the 
bond portfolio  )0,1(=σm   if and only if one has  2121 σρσ = . One notes that  σm   is mean-
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ERC inefficient, and even more all the mean-variance efficient portfolios with return in the 
interval  [ ]05361.0,05.0   are mean-ERC inefficient at the confidence level  99.0=α  
(Proposition 3.2 and Corollary 3.2). For comparison the mean-ERC efficient portfolio with 
return  0625.0=wµ   is given by  )25.0,75.0(=+= whgw µ . Its standard deviation is  

10897.0=wσ   and requires the economic risk capital  22375.0),( =wC α . In the considered 
economy with only risky bonds and equities, a reasonable value of the economic risk capital 
at the confidence level  99.0=α   lies in the interval  [ ]0625.0,05361.0 . Suppose the chief 
financial officer of the life insurance business chooses the mean-variance efficient portfolio  

)1.0,9.0(=w   with corresponding  05.0=wµ ,  10149.0=wσ   and  21385.0),( =wC α . 
According to Proposition 3.3  w  belongs to the mean-variance efficient frontier if and only if  
w  is the minimum ERC portfolio at the confidence level  955.0=α   with corresponding 
minimum economic risk capital  14954.0),( =wC α . This financial decision is acceptable at 
the usual statistical significance level of  5%. However, a capital requirement at the higher 
confidence leve l  99.0=α   requires additional  06431.0   per unit of capital when compared 
to the implied confidence level  955.0=α   obtained from mean-variance analysis. 
 
Figure 5.1 :  mean-ERC boundary without riskless asset 
 

wµ  
 
0.06 
 
 
0.055 
   αm  
 
0.05    σm  
 
 
0.045 
 
   ),(min wC α     01.0),(min +wC α        ),( wC α  
 
 
5.2. Mean-ERC analysis with a riskless asset. 
 
     Suppose there is a riskless asset in the economy with return  03.0=fµ . To draw the mean-
ERC boundary (4.3’) one needs the figures (see (4.2) and (4.3’)) : 
 

).)!'3.4((0025.0

,12333.022

inrofshiftrE

BACH

LLLLf

ff

−=−+=

=+−=

σνµ

µµ
    

 
A graph of the mean-ERC boundary at the confidence level  99.0=α   is displayed in Figure 
5.2. In contrast to Figure 5.1 the mean-ERC efficient curve looks very much like a straight-
line, at least for the higher values of ERC. This is reminiscent of the mean-standard deviation 
efficient line in classical mean-variance analysis. 
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Figure 5.2 :  mean-ERC boundary with a riskless asset 
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0.03  αm  
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  ),( αα mC           ),( wC α  
 
 
     According to Proposition 4.1 the minimum ERC portfolio is  

)9959.0,00342.0,00068.0(=αm   with a mean  03025.0=
α

µm , standard deviation 

00072.0=
α

σ m   and minimum ERC  01335.0),(min =αα mC . Suppose the chief financial 

officer chooses the mean-variance efficient portfolio with return  055.0=wµ . The weight 

vector is  ),( fr www =   with  ( ) )33784.0,06757.0(=
−

−Ω=
H

ew fwT
f

r µµ
µµ ,  

59459.0=fw . Its standard deviation is  07119.0=wσ   and the corresponding economic risk 

capital is  14348.0),( =αα mC . According to Proposition 4.3  w  is the minimum ERC 

portfolio at the confidence level  63757.0=α   with minimum risk capital  
00261.0),( =wC α . 

 
 
5.3. Economy without versus economy with riskless asset. 
 
     It is instructive to note the differences in strategic asset allocation between the economies 
without and with a riskless asset. Choosing mean-variance efficient portfolios with return  

055.0=wµ , the economy without riskless asset yields a moderate share in equities of  10%, a 
high share in bonds of 90%, and a minimum ERC of  14.95%  at the relatively high 
confidence level  95.5%. At the same return, the economy with a riskless asset yields a 
significant share in equities of  33.78%, a small share in bonds of  6.76%  and a considerable 
share in the riskless asset of  59.46%. The corresponding minimum ERC of  0.00261  is 
attained at the low confidence level  63.8%, which points out the high riskiness of this asset 
allocation from the minimum economic risk capital viewpoint. For comparison, the ERC at 
the confidence level  95.5%  is  9.83%. It is not clear, which asset allocation should be 
preferred. For a fixed confidence level, say  955.0=α , the asset allocation with the riskless 
asset yields a smaller economic risk capital and is therefore preferred. However, if the goal is 
a minimum economic risk capital, the strategy with the riskless asset yields the insufficient 
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confidence level  63.8%  and the strategy without riskless asset at the acceptable confidence 
level  95.5% is preferred. Further theoretical and empirical research is required to clarify these 
conflicting viewpoints. 
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