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Abstract

The existence and uniqueness conditions for solution of semilinear stochastic
differential equations containing a differential with respect to fractional Brownian
motion are considered in this paper. Also, for such fractional Brownian semilinear
stochastic differential equations the conditions of measure transformation are estab-
lished. The equilibrium conditions of stock market that described by the fractional
Brownian semilinear stochastic differential equation are found.
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1. Introduction.

We consider a complete probability space (§2, F,P) with the filtration (F;, ¢t > 0).
We denote this family as (2, F, (F1),5¢ , P). Further throughout the paper the fractional
Brownian motion (fBm) with Hurst index H € (1/2,1) is denoted as (B/, (F),»o,P) .
This process is characterized by the following properties:

(1) B is a process with stationary increments;

(2 )BgI—O and E BfY = 0 for any ¢t > 0;

(3) E (B ) = t?H for any t > 0;

(4) B} is a Gaussian process;

(5) the trajectories of stochastic process B} are continuous.

We use the notion ([1]) of stochastic integral f fsdBX where f, is a random measur-
0

able function, Hélder-continuous of order H (see, for example, [2], where it is proved that
such integral can be considered as a limit of Riemann-Stieltjes sums). The main sub-
ject of our consideration are semilinear stochastic differential equations (SDE) containing
stochastic differential with respect to (w.r.t.) fBm. Such equations represent a ”pure
fractional Brownian” stock price model. It should be noted that the ”mixed fractional
Brownian” stock price model, represented by the semilinear SDE containing stochastic
differentials w.r.t. Wiener process and fBm, is studied in [3].

In a chapter 2 of the present paper we establish the conditions of existence and
uniqueness of global solution of such equations under the local Lipschitzness of the drift
coefficient. Similar questions were considered in [2] and [4], but in [2] only the existence
and uniqueness of local solution were proved; in [4] the existence and uniqueness of global
solution of equations containing only one differential of Holder continuous process were
considered under the global Lipschitzness of the drift coefficient.

In a chapter 3 we find the condition of differentiability of stochastic integrals with
random Holder-continuous integrand and fBm as an integrator. Using these differentia-
bility conditions we establish the conditions of measure transformation for such semilinear
SDE in a chapter 4. In a chapter 5 we establish equilibrium condition for pure fractional
Brownian stock price model.

2. Existence and uniqueness of solution of semilinear stochastic differential
equations containing differential with respect to fBm.

Let us consider the semilinear differential equation in complete probability space
(Q, F,P)

(1)

where b € C (R, x R, R) satisfies Lipschitz condition on z € R uniformly on ¢ € [0, T,
that is VI' > 0dLy > 0:

dX; = cX;dBE +b(t, X;) dt, t>tg
Xi—t, = Xo is Fy,- mesurable random value,

sup |b(t,z1) — b(t,x9)| < Ly |z — 29| (2)
t€[0,T

Definition 1. Solution of the equation (1) is a Hélder-continuous with index H random
process that has a form
t
X, :Xo—i—c/XsdBf—l—/b(s,Xs)ds, t >ty

to



t
It should be noted that integral f X, dBf exists if X, is a Holder-continuous with
to
index H ([2]).
Theorem 1. Let the function b € C (R x R, R) satisfies (2) and growth condition
VT >0dCy >0:
|b(t, )] < Cp (1 + |z]).

Then the equation (1) has a unique solution on [0,400), and moreover there exists
Y cCQ P(Q) =1 such that Vw € ' VT > 0 3C = C(w,T) that V0 < t; <ty <
T | Xy — Xi,| < C(w, D)ty — ta|* for any 0 < o < H. That is, trajectories of Xy a.s.
belong to Lip,[0,T], VT > 0, Va € [0, H).

Proof. We will try to find the solution X; of equation (1) in the following form
X, = WY, Z) = (Vs — Yy + Xp)e%=%w) where Z, = B, Y € C(R), Y,, = Yy —
Fi,-measurable random value.

Applying the It6 formula ([2]) to the function h(Y;, Z;) we obtain

oh oh
57 — (Y}, Z) dZ, + —(Yy, Z,) Y, di+

oY
oh 1 0%*h
+— (Y, Z) dt + = 5 822(}1,Zt)d[z, Z], =

ot
_oh ,0h

since according to (2], [Z, Z]; =
Comparing (1) and the last equality we obtain an ordinary differential equation for

dX; =

(nv Zt) dtu

Y :
{ Y/ = (c1() 7L (b((Y; = Yo + Xo) ea(8), 1)) =t f(£,Y)) 2)
Yi, = Yo,
where ¢, (t) = e®(%t=%1),

Further we will assume that w € Q is fixed. Put L(7T) := max ——

max Cl(t) > 0, D; = OT Ll(T)7 Dy = CT.
te[0,7

Then under |Y —Yy| < 3; [t —to] < a:
M = max |f(t,y)| < (L1(T) + (8 + |zo])) Cr < D1 + Da(5 + [o)

t€[0,7]

and according to the Picard theorem there exists solution of (2) on [to, to + ()], where

1) = min (a, ﬁ) > min (a, g ) =:ly,
M) = Dy + Dy(B + |zo]) °

and therefore solution of (2) exists on the smaller segment [to, to + o).
Now we can estimate the solution of (1) in the point g + [y in such a way:

Pyt < |Y — Yo + Xo| Lo(T) < (8 + | Xol) Lo(T).

Note that Y is a continuous differentiable function on [tg, to + lo], and therefore it follows
from view of h that for each w € Q it is a Holder function on [ty,to + lo], since by Itd
formula

t
ec(Z=21) — c/e‘:(ZS_ZtO) dZ,

to



Z € Lip,[0,T] VT > 0, V0O < a < H, and then according to the theorem 22 ([5]),
fe (2-24) 4z, € Lip,[0,T] VT >0, VO < a < H. Thus, trajectories of X; a.s. belong

tO Llpa[to,to + l()] Vo<a< H.

Further we will extend the solution h for t = ty + ly. The value of solution A in the
point ¢ty + lp will be new initial value X < (B + | Xo|) La(T).

Now, under |Y(t) =Y (to+ )| < 517 |t — (to+ lo)| < aq, the solution of (2) exists on
segment [to + lo, to + lo + [1], where

- b
[y = min <a1, Dy + Dy(B1 + (B + |XODL2<T)))

Further on the n-th step of such solution extension procedure we have:

Bn
n—1
Dy + Dy (5, + kZ: Brn—1—k L§+1(T) + | Xo|L2(T))
—0

[, = min | a,,

-1
ap =, By := 3 and on [ty + Z Liy to + Z l;] there exists a solution of (2).

Now let us investigate the propertles of
Zp =: — Bn , n>0:
DitDa(Bnt & bo-1-k L (T)+|Xol L2(T))
=0

a) under | Xy| < 1 we can chose 8, = 1, k = 0,n and then

1 HTy-1 S i S : HTy—1"
D1 +2D2T D1 +D2W
b)under |Xo| > 1 we can chose 3, = |Xy|, k = 0,n and then
1 1 1
LitH(T)—1 S = D n < Lytiry-1’
Dy + 2Dy % 5t o T D212 INT)) Dot
For both cases a) and b) we put «,, = L1n+1<T> -, n >0, that is [, = min(ay,, z,) =

D1+2D27L =1
a, = Y. l, =25, and then
n>0

1) under Ly(T") <1 the series ) z, is divergent and therefore the series ) [; is also
n>0 i>0
divergent, and thus there exists a finite quantity N of steps in our solution extension
N

procedure, such that [ty,T] C [to,to + >_ l;], that is on the [ty,T] there exists a solution

i=0
of (2).
2) under Lo(T') > 1 the series Y z, is convergent and moreover
n>0

Sy o s

n>0 n>0 Lo(T)-1




In fact we proved that on segment [to,to + %S] there exists a bounded solution h
of (1). Now we can consider a finite value of h in the point ¢, + %S as a new initial
value of h and for it we can prove that solution h exists on [ty + 3.5, %o + S], because the
step %S of solution extension doesn’t depend on initial value. Therefore we can extend
solution h to whole segment [to,7]. Since T is arbitrary we obtain the solution (1) on
[0, 00). Uniqueness follows from theorem 7.1.1.([2]). In this theorem it is established that
any two of solutions coincide on the common interval of definition. Since the solution
extension procedure don’t violate the properties of trajectories of a solution, then by
mathematical induction we can obtain that the trajectories of a solution a.s. belong to
Lip,[0, T)VT >0, VO < a < H.

3. Differentiability of stochastic integrals with random integrand and fBm
as integrator

Put I(t fsTH Hf (u,w)dBH ds, Wherea—a(uw):RxQHRis

random Holder—contmuous functlon on [0,t] with index # > 5. It should be noted that
according to Lemma 3 from [6], for each w € Q', P(Y) 1 there exists such integral,

t t

and moreover there exists an integral J(t) := [ a(u, fs% (t —s) 271 g dBI and
0 u

equality I(t) = J(t),t > 0 a.s. holds.

Lemma 1. For allt >0 I(t) admits the following representation

t

I(t) =>4 / 8 ds,

0

where function

05 1= SQH_?)/US H(s—u) Ha(u,w) dBY

¢
a.s. belongs to L£1([0,1]), that is [ |6s|ds < oo a.s., t > 0.
0

Proof. Throughout the proof we will assume that w € Q') P(w € Q') = 1 is fixed,
and therefore we will omit an argument w. Retype equality I(¢) = J(¢) in the following

way
t s

I(t) = /s%—H(t— s)%—H/a(u) dBM ds = J(t) =

0

:// ()t (t — 5)5H dsdBH = 12 2H// (1 — 5)5H dsdBH =

1

WH 1g
= %~ 2H// (1—Q—L>2 dsdsz
S



¢t
=2 / / s*H3 (s — u)%_Hu%_Ha(u) dsdB? = t*72H M (t)
0 u

Now, let us consider a function

N(t) := /tSQH?’/S(S —u)

We will use the following results in order to prove an existence of function N ()
1) according to Lemma 2.1 from [1] Hélder-continuous function f : [0,7] — R with

index G € (0,1) satisfies the following inequality under v € (=3, -8+ 1), T > 0 and
f(0)=0

D=

’Hu%’Ha(u) dBY ds.

t

[ty -

= lim | 7 (f(t — )~ F(1) +££(1) +7 / (fw) = FO) (t—u) " du] s (3)

2) according to Lemma 1 from [6] for Holder continuous functions f € Hf, ), g € H@b],
a+ 3> 1, holds

b
[ 101500 < Ul gy, max {6 = )12, = )} @

Using (3) and (4) under ¢ > s5 > 51 > 0 we can obtain such estimation

ED) 52

/a(z)(s2—z);_HdBf = |lim |—ez7¥ / a(v)dBH +

e—0
S1 So—¢€
D) 1 S2—€ S$2
+(s2 — sl)é_H/a(z) dBY + (H - 5) / (9 — z)_é_H/a(v) dBY dz|| <
<timClloly 1B lhar $eb+ (s — )b+ (H-3) [ (sa-2)3dz <
T e—0 Hﬁ),t] H[Oyt] 2 ! 2 2 -
S1
< Ki(sy — 1)7, (5)

where K := QCH”OKHH[B(),Q\|BHHH{3¢]
Further we have

52

/(32 —u) _Hu%_Ha(u) dBY = /ug_Hd /(32 - z)%_Ha(z) dBY| =

z
51

N

S1 0



S1

[L(s1,82)] < |s3 — — s
0
52 S2 u
X /(32 —z)%_Hoz(z) dBH| + (g - H) /u2 H /(32 - z)%_Ha(z) dBY| du <
s_g 3 1 3_p ! Ji
< Ki|s;  —s; |83+ Kis; (s2—s1)2+(3— 2H)K1/u2 Hs2 du =
S1

[un

—~
D

~—

3_ 1
< K83 H(SQ — 81)% + 3K (59 — 31)%7H s3.
Thus |L(0, s)| < 4K;s* % and

4K
IN()| < /52H3|L(s)\ ds < T < oo,

0

Further we consider a function

t s—¢

N.(t) = / 23 s € [, 1]} / wiH (s —u)z Ha(u) dBY ds.

0

It is obvious that Ve > 0 function

oe(s,u) =T{u <s—e}l{s € [g, t]}sQH’Su%’H(s — u)1 a

5—

a(u)
1) is piecewise Holder-continuous w.r.t. argument u on segment [0,t] with index 3; > %

(u=s — e is a point of Holder discontinuity);
t s—¢
2) [¢o(s,u)dB = $*31s € [e,t]} [ uz (s —u)2Ho(u) dBY is Riemann inte-
0 0

grable function on [0, ¢].
Therefore, ¢.(s,u) satisfies conditions of the stochastic Fubini theorem ([6]), that is

there exist the following integrals

t s—¢€

N:(t) = /32H3]I{5 € [, 1]} / u%’H(s — u)%’Ha(u) dBY ds

0
t

t—e
M.(t) :== /ugHOz(u) / s 73 (s —u)%’H ds dB
0

u+te



and they are coincide under each ¢ > 0.
Using inequality (6), for the first integral we obtain

t S
IN(t) = N.(t)] < / $2H3 / W (s — u)d~Ho(u) dBY ds| +

+ /5‘2H—3/ug H(s—u) Ho(u)dBY ds| <

€
< /SQH_?) [Kls%_Hsé + 3Kls%5%_H} ds + 4K1/32H_332_H ds =
€ 0

= 7o lgé(tH*% —&?H*%) + —|2§IK_1_ (5%*Ht2H’% —eH) + 4§1€H — 0, ¢ —0.

Using integral transformation (i7) of Lemma 2.2 ([1]), for the second integral we obtain

)

t—e u+e
IM(t) — M.(t)| < / a(w)us / s2-3(s —w)2 " dsdBY | +
0 u
t t
+ /oz(u)u3 H/szH (s —u)2 T dsdB| =
t—e u
=
= / / 1—5 HdsdBH +
0
¢ 1-%
+ /a(u)ui—ﬂ/ H(1—s)2H dsdBH | =: Ai(e) + As(e).
t—e 0

€

t t—e 1 s
A (e) :/séH(l—s)éH/a(u) alef‘Tals—i—/sé H(l—s)% a / ofu) dBH ds
0 0 e 0

[e=]

Now we have

1
h it K L
s i (1=5) 7 B gt



K, 2H_§< extH 3, K JH-L 3
< By 1——) 21 i (52-2H .
S5 2 : gz " 4+ 2[—] —0, e—=0

£

K, |

| < —
oOH

0

Ky 4 exz=H [ 1 e H
(151 [ C ) s
_2Ht ( ; /32 ; s) ds<

Kl tH_,
- 2H

| Ay () s%_H(l - s)%_H(g —ts)ds <

3—H 4 3
(1—¥> SB(H+15-H) =0, =0,
Hence, under ¢ — 0 we obtain an equality N(t) = M(t), and proof is over.

4. Measure transformation for semilinear SDE representing the ”pure
fractional Brownian” stock price model.

Let us consider SDE (1) and suppose that ¢ty = 0, function b(t, z) satisfies conditions
of Theorem 1 and can be represented as b(t, z) = e(t, )z, where e € C?(R, x R). Further
we will use the following notes: B = B(H + 1/2,3/2 — H), B(-,-) is beta function,

1/2
By = B(H~1/2,3/2-H),C, = QHB)", Oy = (2t N 0, = ol
Co = k. Also, let kernel K(t,s) = Cys'/*~ 7 (t — 5)'/*"HI{s € (0,1)}.
We will prove the following auxiliary results which will be useful under measure trans-
forming in (1).
Put pu(u) := Tﬁe(Z’X“), r e R.

Lemma 2. Let function e(t,x) satisfies conditions:
DNT >0 3Cr >0, Vu<T,VreR

le(u, )] < C(1+ |2]), |ej(u, x)] < Cr(1 + |z)), (7)
ez (u, )| < Cr(1 4 [z]), [eg, (u, 2)| < Cr(1 + [z]);

2)
VI'>04dLyr >0Vt e [O,T],Vl‘l,l‘z eR

sup el (t,x1) — e (t,x2)| < Ly |z — 22| (8)
te[0,7)

Then .
1) [ K(t,s)|u(s)|ds < o0 a.s.,
0

(9)

t t
2) there exists a representation [ K (t,s)u(s)ds = [ @sds, where [|ps|ds < oo a.s.
0 0 0

Proof. It is obvious that

t

I(t)] == /ClK(t,s)Lj”Xs)ds -



t
r C
= |-y - = s%_H(t - s)%_He(s,Xs) ds| < oo,
c c
0

and therefore statement 1) of our lemma holds.
Using It6 formula ([2]) we have

S S S

1

e(s, Xs) =¢(0,0) +/62(U,Xu)du—l— /e;(u,Xu) dX, + §/egm(u,Xu)d[X]u =
0 0 0

=¢(0,0) +/e;(u,Xu) du+/e;(u,xu)e(u,xu)xu du—l—c/e;(u,Xu)Xu dBY.
0 0 0

Hence

t

I(t) = (r — (0,0)) %t%”] - % /s%—H(t _s)

N|=

—H / e (u, X,,) duds—
0

s t

t
C 1 1 1
L[ sz - 5)2H/e;(u, X)e(u, X)Xy duds — Cy / s2Hx
c
0 0 0

X (t — s)é_H/e;(u, X)X, dBY ds.

0
/ "

Taking in account growth conditions (7) for functions e, e}, €., e . we satisfy oneself that
the following functions
1
sé_H/e;(u,Xu) du = /ué_He;(u,Xu) du + (5 - H) /u‘é_H/e;(v,Xv)dv du
0 0 0 0

and
S S

gaH / ¢ (u, X, )e(u, X,) X, du = / w2 e (u, X, )e(u, X)X, du+

0 0
1 -1 _H /
+ 3~ H U2 e, (v, X, )e(v, X)) X, dv du
0 0

belong to AC[0,T]. Hence, according to Lemma 2.2 ([7]) almost everywhere under
Lebesgue measure there exist fractional derivatives of order H — % of those functions

t s t

d 1 1
p s H(t— g)z H / e;(u, X)) duds = /s%_H(t —s)z el(s, X,) ds+
0 0 0

t s

N (%_ H) / sH ()b / ¢! (u, X,)) duds, (10)

0 0

=



and
i/ t—s
d
0
1

t
1
xe(s, Xs)Xsds + <§ - H) /s‘é_H(t — )2 /e;(u,Xu)e(u, X)X, duds.  (11)
0 0

s t

H/e;t(quu)e(uaXu)XudUdsz/Sé_H@—S)é_He,w(S,XS)X

0 0

NJ\»—\

s

Using condition (8) we satisfy oneself that e, (u, X)X, is Holder-continuous function on
[0,7] w.r.t. argument v with any index [ € %, H). Hence, according to Lemma 1 a.s.
there exists an equality

t s

/sé_H(t — s)é_H/e;(u, X)X, dB? ds =
0 0
t s
:tQ_QH/SQH_?’/u; H(g —qy)z=H el (u, X,) X, dB ds. (12)
0 0
Now, using (10)-(12) we can find the function ;.
d C\B C /
A0 == (2= 2H)(r — e(0,0) = =2 — = /s%—H(t —5)2 A (e} (s, X+
c c
0
t
+el. (s, Xs)e(s, Xs) X )ds—f—/ H(t —s) % H/ ey(u, Xy) + el (u, Xy)e(u, X)) X,,) duds
—(2—-2H)Cyt'~ 2H/2H3/ 21! (u, X,) X, dBY ds—
—Cytt /uZ_H(t — u)ﬁ_He;(u,Xu)Xu dBY. (13)

0

It follows from (13) that ¢, is a.s. continuous w.r.t. argument s function. Thus statement
2) holds.

Remark 1. Sz'nce Ys 1S a.s. continuous w.r.t. argument s function, ¥t > 0 a.s. there

t
exists an integral f s*171p2 ds, and therefore the random process Zy == & [ s” ~30, AW,
0 0
t
is square integrable martingale with the quadratic characteristic ( = % [s 2H-1
2
0

Now in equation (1) we change probability measure P for another measure @Q, such
that Qr < Pr, where Qr = Q|£,, and such that the drift will be equal to 7 X, dt (equation
(1) will be linear).



Remark 2. If measure Q such that Z(% = exp {ZT — %<Z>T} , then the process Efl =

t
Bl — [ p(u) du is fBm w.r.t. measure Q (see theorem 4 from [8], and also [9], [10]).
0

Theorem 2. Let conditions of Lemma 2 hold and moreover the following condition holds

E exp {Zt _ %<Z>t} _1

Then equation (1) admits the following representation w.r.t. measure Q
dX, = rX,dt + cX, dBI

Proof. The proof of theorem follows from Lemma 2 and Remarks 1-2.

5. Fractional Burger’s equation and equilibrium of financial market.

Definition 2. Financial market described by the equation (1) is in equilibrium on [0,T]
if both the kernel o= and likelihood ratio ‘é%}ft are the functions of t and Wy, and
don’t depend on the path of W, s < t.

This definition generalizes the usual definition of equilibrium ([11], [12]) in which
path’s independence of fil—g ‘ 7 is declared, and the kernel equals simply e(t, W;). It should
be noted that financial market described by the equation (1) admits arbitrage, but it can
be in equilibrium.

Definition 3. We say that function f(t,z) satisfies fractional Burger’s equation with
index H, if the function g(t,x) = t"=Y2f(t,x) satisfies ordinary Burger’s equation

1
—g(S, "L‘)gé<87 fL’) - 91(3, J}) + 59;/2(57 ‘T)
It is obvious that fractional Burger’s equation with index H has a following form

1
—sT12p(s, 2)ph(s, x) = (H — 1/2)s 'p(s, ) + P (s, ) + FP(s:@), s >0,z €R

Theorem 3. Let financial market described by (1) is in equilibrium and moreover con-
ditions (7), (8) hold. Then ¢, satisfies the fractional Burger’s equation with index H.

Proof. Let

t t
1
/gpssHl/Q dW, — 5 /90352}[1 ds = G(t, W),

0 0
where g, G € C*(R; x R). Then

t

¢
1
/g(s, W) dW, — 5/92(8, Wy)ds = G(t,W,;), t € [0,T).
0 0

According to Ito formula

t t

1
G(t, W) :/ [G’l(s, Ws)+§G’2’2(s,WS)} ds+/G'2(s,W5)dW5.
0 0



Hence

z)
) b 14
—592(3,:1:) =G(s,z) + %G’Q/Q(s, ) (14)
Further gj(s,z) = Gh,(s, ),
1 2 ! 1 /
_59 (s,z) = Gy(s,x) + 592(87@. (15)

Differentiating (14) on s and then (15) on x, we obtain:
gi(‘sa I) = GI1/2(87 ZL’)

1
_9(57 I)gé(S,.I) = G/1/2(57 l‘) + §gg2(57 I)
or 1
—g(S,ZE)gé(S, J]) = gi(sv I) + 59&%(8,1’)-

Proof is over.
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