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1 Introduction

In an insurance context, consider {X,,n > 1} random claim sizes and {N(t),t > 0}
an integer valued stochastic process that counts the number of claims that occur during
the time interval [0,¢). Denote by X, 11, (n > n > 1) the nth largest order statis-
tics of X1, Xy,..., X, and let further Xy —mi1:n(¢) be the corresponding quantity for
X1, Xs,..., Xn(). Counting the number of extreme points that fall in a random window
defined by the sample maximum, Pakes and Steutel (1997) introduce the following discrete

random variable

Lu(a) =Y 1(X; € (Xpm — @, Xpw]), a>0,n>1.
=1

Asymptotic and distributional properties investigated by these authors turned out to be
interesting in various context. In an insurance situation, Li and Pakes (2001) show that
Ly (a) is an interesting quantity. Hashorva (2003) extents their results for dependent
claim sizes, and shows further that Ly (a)/N(t) is a strongly consistent estimator of cer-
tain tail probabilities related to claim sizes.

Statistical applications of the number of near-extremes for iid claim sizes are discussed in
Miiller (2003). Making use of previous results of Hashorva and Hiisler (2001a) a strongly
consistent estimator of the tail index of the generalised Pareto distribution is derived
therein. Such distributions are widely used in statistics and specifically in insurance appli-

cations.

In this paper we consider the problem of estimating specific tail quantities in an insurance
context, by further allowing claim sizes to be dependent.

Restricting our attention to generalised Pareto distribution functions we introduce a more
general estimator that the one given by Miiller (2003). Let us now motivate this novel
estimator: Assume that claim sizes have common continuous distribution function F.

Define further

Kn(au b7 m) = Z 1<Xz € (Xn—m—i-l:n - b7 Xn—m+1:n - CL]), n>m 2 1
=1
and
N(t)

Ki(a,b,m) = Z 1(X; € (Xn@-m+t:nw) — 0, XN@)—mitne —al), >0

=1



with 0 < a < b < co. Put Ki(a,b,m) = 0 if N(t) < m. Distributional and asymptotic
properties of K;(a, b, m) are investigated in Hashorva and Hiisler (2001b). The role of the
weak convergence of the normalised sample maxima is strongly highlighted therein.

Now, by Theorem 4.1 of Hashorva and Hiisler (2001a) we have that

ME’F(w—a)—F(W_b)’ e
n

holds where w := sup{u : F(u) < 1} is the upper endpoint of the distribution function F.
Further by Lemma 2.5.3 of Embrechts et al. (1997) also

b a.s. —
%(t’)m)_y Flw—a)—F(w-=»5), t— o0,
holds if

N(@t) & oo, t— oo. (1)

So we have a strongly consistent estimator of the region in the upper tail F'(w—a)—F(w—b)

if w < 0o. Now if we consider for instance F' given by
F(z) = 1—(1—x/w)_1/7, r € [0,w),y <0,w < oo (2)

we have for some constant 7 >l and 0 <a<b<7b<w

Flw—a)—Flw-b) b Y7—a/

1/

Flw—r7a)— Fw—1b) (7b)~Y7 — (ra)~/7 - ’

implying thus that

Int

In(K¢(a,b,m)/Ki(Ta, 7b,m))

Y(a, b, T, m) =
is a strongly consistent estimator of v, i.e.
P{tlim Y(a, b, 7,m) = 7} =1.

In this article we deal with both estimators K;(a, b, m)/N(t) and 4;(a, b, 7, m) by extending
further these results for the case that claim sizes are dependent and also allowing m to

vary with ¢. Further, a new estimator for w is also introduced.

Since it is of practical interest, we consider additionally CLT (central limit theorem) results

for both estimators, generalising thus previous results of Miiller (2003).
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2 Results

We consider in the following claim sizes {X,,,n > 1} that have common continuous distri-
bution function F'. The case F' being not continuous can be handled along the same lines,
therefore omitted here. The counting process {N(t),t > 0} is assumed to take integer

values, and moreover it is nondecreasing in t. For a,b positive put in the following
P(a,b) := F(w—a) — F(w—Db).

Clearly if w = oo then P(a,b) = 0. If w < oo we will consider only constants such
that 0 < a < b < oo so that P(a,b) € (0,1) holds. Further let {m(n),n € IN} be a

nondecreasing sequence of integers satisfying

lim m(n)/n = 0. (3)

n—oo
Considering m(n) instead of a constant m, allows us to deal with random regions that are
to a certain extent far from the sample maximum X,.,. To keep the notation simple, we

write in the following m; := m(N(t)).

Next, we discuss first the strong consistency of IC;(a, b, m;)/N(t).

2.1 Strong consistency

In the next proposition the strong consistency of the estimator of P(a,b) is derived.

Proposition 2.1. Let {X,,,n > 1} be claim sizes with underlying distribution function F

and N(t) a counting process. Assume that for the empirical distribution function F,, of F'

we have
P{ Tim F(u) 5 F(u)}, weER. (4)
Then we have
P{tlggo K.(a,b,m:) /N(t) = P(a, b)} ~1. (5)
If further
@ Sz oo (6)



holds with Z a positive random variable, then we get

Re R s 2R, ™

ast — oo.

Remark: (i) Convergence in (4) (which is well-known as Glivenko-Cantelli Theorem)
holds for stationary ergodic sequences (see e.g. Ergodic Theorem in Kallenberg (1997)).

(ii) Clearly P(a, b) equals zero for a distribution function with infinite endpoint, i.e. w = 0.

As mentioned above, if w = oo then the estimator above converges to 0, therefore it is
of no use for estimating purposes. However, if w < oco, which can be justified for most
of insurance claims, it is interesting to calculate other quantities apart from P(a,b). So
it is possible then to derive estimators when the distribution function is parametrised as
in the definition (2).  For the latter case, both parameters v and w can be unknown.
As motivated above, 9;(a,b,7,m;) can be used for estimating the unknown parameter
~. Similarly, we motivate an estimator for the unknown upper endpoint w. Let for the
insurance model discussed above, claim sizes have distribution function F' so that (2) is

satisfied in a v-neighbourhood of w. Since we showed that for appropriate constants a, b
Ki(a,b,my)/N(t) 3 P(a,b) = b~ — a V'Y

we may take as an estimator of the unknown endpoint w

’ ’Ct(a’a bv mt) Ae(ab,mme)
wt(&, b; mt) = (N(t) [b—l/’yt(a,b,q—,mt) _ a—l/’%(a,bﬂ',mz)] .

In the next proposition we discuss the strong consistency of both estimators 4;(a, b, 7, m;)

and w;(a, b, my).

Proposition 2.2. Let claim sizes and counting process be as in the above proposition.
Assume further that F' has a finite upper endpoint w, and both (1), (3) and (4) hold. Then

we have for constants 0 < a < b < oo, 7 > 1

as. InT
5 (ab : ¢ . 8
Yila, b, 7mq) = n(P(a,0)/P(ra,70)) (8)

If the distribution function F satisfies (2) for all x € (w—v,w) with v > 0 and v < 0, then

also
P{1im 5 (a,b,7,mi) =7} = 1, (9)
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and

P{ lim w;(a, b, my) = w} =1, (10)

t—o0

hold if further b < v.

Taking a = 0 our estimator 4:(a, b, 7, m;) reduces to the one introduced in Miiller (2003).
In the literature there are many different estimators for «. As pointed out in the afore-
mentioned paper, this estimator is very robust, and outperforms other known estimators
for particular values of . See Miiller (2003) for various simulation results and comparisons

with other estimators.

2.2 CLT Results

In this section we obtain weak convergence results by restricting the distribution function
of the claim sizes and also assuming a certain asymptotic behaviour of the number of claims

as t — oo. Initially we consider the estimator for the upper tails.

Proposition 2.3. Let {X,,n > 1}, N(t) be as in Proposition 2.2 and suppose that N(t)
1s independent of the claim sizes for all t > 0. Assume that there exists a positive sequence

{en,n > 1} such that
lim P{Xn,m(n)Jrl:n <w— f:‘n} = 0, (11)

n—oo

and

VIP{X, mnyt1m € [w—s—epw—3s|} = 0, fors€ {ar,as by, by} (12)

hold, with constants 0 < a; < b; < 00,1 = 1,2. Suppose further that there exists a stochastic
process {Y (s),s € IR} such that

Vi[Fo(s) — F(s)] S Y (s), s:F(s) € (0,1), (13)

so that the convergence in distribution in (13) holds also for the fidis (finite dimensional

distributions) of the stochastic process {\/n[F,(s) — F(s)],s € R}. Then we have
\ N(t) (ICt(al, bl, mt)/N(t) - P(al, b1>, ICt(CLQ, bg, mt)/N(t) - P(CLQ, b2)>
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i(ww—myAWmeyw—ﬂg_y@_@Q. (14)

Remark: (i) In Hashorva (1999) weak convergence ofy/n[K,(0,b,1)/n — (1 — F(w —b))],
b > 0, is shown if F satisfies

lim F(w—1b) — F(s)
stw—b [1 — F(s+b)]'/?

—0. (15)

This is a slightly weaker condition than the ones imposed above for the distribution
function F'. Note further that (15) is satisfied if F' is the Beta distribution function B(a, 3)

with shape parameter 5 < 2.

(ii) If claim sizes are independent and m is bounded (or does not depend on n) then the

following condition

lim nln Flw—¢,) = 0 (16)

implies (11). O

Proposition 2.3 and the central limit theorem for the empirical process of iid random vari-

ables imply immediately:

Corollary 2.4. Under the assumptions of Proposition 2.3 assuming independent claim

sizes, we have

\/ N(t) (Kt(al, bl,mt)/N(t) — P(al, bl), ICt(CLQ, bg,mt>/N<t) — P(CLQ, bg))
% (Br(w = ar) = Bp(w = by), Bp(w = az) = Bp(w = b)) (17)

holds with Br a F-Brownian Bridge.

Let in the following

o Alas by, my)?/N(t) (Ki(ta, 70,my) — Ki(a,b,my) + 2Ky (a, 7a A b,my) 1/2
= In(r) K.(a, b, my)K,(ra, 70, my) '

We can now present a CLT-result for 4;(a, b, 7,m;). Along the same lines, a similar result

can be shown for w;(a,b,m;) in the particular case with F satisfying (2).



Proposition 2.5. Let claim sizes {X,,n > 1} be as in Proposition 2.3. Suppose that
N(t) is a counting process, independent of claim sizes for all t > 0, and that there exists
a positive sequence {e,,n > 1} such that (11) and (12) hold. Suppose further that the

convergence in distribution of fidi’s

V[Fo(s) — F(s)] 5 Y(s) = Bp(s), n— oo s:F(s)€(0,1), (18)

holds, with Br a F-Brownian Bridge. Then we have

Int

In(P(a,b)/P(ra,th))

N(t) [4e(a, b, 7,my) — i <, U t— oo, (19)

with U a standard Gaussian random variable.

If further the distribution function F satisfies (2) for all v € (w — v,w) with v > 0 and
v < —=1/2, and m(n) is bounded, then

N [Fe(a, b, m,me) —]/7 % U, t— oo. (20)

Indeed the quantity 7); plays a normalisation role. It converges almost surely to the asymp-
totic variance of the estimator. So it is interesting to find out the explicit form of the
asymptotic variance for special F' satisfying (2) because constants a,b, T can be chosen
such that the variance is minimal.

Note first that for ¢ — oo we have

2= (4)* </Ct(7'a, 7b,my) /N (t) — Ki(a,b,my) /N(t) + 2K (a, Ta A D, mt)/N(t))
t In*(7) [KCi(a,bymy) /N ()] [K(Ta, b, my) /N (t)]

( InT )QP(T&,TI)) —P(a,b) +2P(a,Ta A D)
ln2<P(CL, b)/P(1a,th)) P(a,b)P(7a, 7b) )

1)
If F' satisfies (2) for all z € (w — v,w) with v > 0, then
P(ra,70) = 77V 7P(a,b) = 7 VbV — 7V,

hence we get

(7e)?
ws. YUY {7_1/7 —1+2P(a,7a ANb)/P(a, b)}
2.5
(In7)2P(a,b)




VI {77 — 14 2[(ra A b)Y — a7V /07T — a0}
(In7)2 /7 [b=1/7 — a=1/7]
VAP 7 — 1 277 = Na VY7V — a7 V)1 (Ta < b) + 21(Ta > b) }
(ln 7)2w1/7[b*1/7 — a*l/’Y]
VI L[ =11 4 207 /7YY — a1 (Ta < b)] 4 21(7a > b) }
(In7)2 /[0~ — a=1/7]

It is straightforward to find the minimum of the above function. See Miiller (2003) for the

case a = 0.
We consider next an example, where the above techniques can be applied.

Example 1. Let claim sizes have distribution function F}, be such that in a neighbour-
hood of the upper finite endpoint w we have

1 —exp(—Ax)
1 —exp(—\w)’

holds for all = € (w — v,w) with v a positive constant. F), is the distribution function of

Fao(z) = A >0, (22)

a truncated exponential random variable.
In reinsurance, it is of particular importance to estimate the unknown parameters A and

the upper endpoint w. By the above results we have for any m € IN (as t — o0)
Ki(ra,7a+ ¢, m) as exp(—Ata) — exp(—A(Ta + ¢))
N(t) 1 —exp(—\w)
exp(—Ata)[l — exp(—Ac)]
1 — exp(—Iw)

?

if N(t) — oo as t — oo and a, ¢ are positive constants, 7 > 1 with 0 < 7a + ¢ < v.

Hence we get
Ki(a,a+c,m)  qs
=
Ki(rta,7a+ ¢, m)

exp(Aa(r — 1)), t— oo,

thus the following statistics
S — In(K¢(a,a+c,m)/Ki(ra, 7a + ¢,m)) At oo
a(t — 1)

is a strongly consistent estimator of A. Along the lines of Hashorva (2003) we have further

that for a € (0,v) also
e = (A)  In((1 4+ (a, \)) /v(a, Ay) Bw, t— oo, (23)

holds with ¢(a, A;) := K;(0,a,m;)/(tlexp(Ma) — 1]); thus & is a strongly consistent esti-

mator of w.



3 Comments

We provide next some comments on the counting process N (¢) and the distribution function

F satisfying (2).

Typically, in insurance models used by actuaries, the stochastic process {N(t),t > 0} is

some renewal counting process defined as follows

N(t) = Sup{j:i\/ggt}, t>0, (24)

with {V,,n > 1}, iid positive random variables with finite first moment E{V;} =1/ > 0.
It is well known (e.g. Rolski (1999) or Embrechts et al. (1997)) that

hence our asymptotic conditions on N(t) for this case are satisfied.

Distribution functions satisfying condition (2) are called power-function distributions.
These belong to the class of generalised Pareto distributions denoted here by W, v € IR.
It is well-known (see Pickands (1975)) that W, is a good approximation of the excess

distribution function
F,z):=(F(z)— F(u))/(1 = F(u)), w:F(u)e(0,1).
More precisely, Pickands (1975) shows that

lim sup [Fu(z)—W,(z/o(u))] =0

U= ze(0,w—u)

holds for some fixed tail index v. When v < 0, then W, is the power distribution.

It should be noted further, that the choice of parameters a, b, 7 and m(n) is very crucial for
the above estimation procedure. Some explorative graphics can help in deciding which set of
constants should be used. However, theoretical considerations need a deeper investigation

and are not the topic of this paper.

Another important development is to assume that the power-function relation in the un-
derlying distribution function F' holds for v-neighbourhoods asymptotically. Estimation
of v for this asymptotic model can be developed similarly to the case that v is a fixed

constant not vanishing to 0. This is however scheduled for a forthcoming research paper.
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4 Proofs

Proof of Proposition 2.1. For alln > m > 1,u € IR we have

1 n
5 Z ]-(anerl:n - Xz < u, X’L S Xn7m+1:n) = Fn<Xn7m+1:n) - Fn(anerl:n - U)
i=1

= (n —m+ 1)/” - Fn(Xn—m-l—l:n - u)?
with F}, the empirical distribution function of the claims sizes, thus we get

N(t)
’Ct(aab7mt) 1
AL S 1w € Xnvomeriv — Xi < b
N(t) N(t) - (a’ = AAN(t) +1:N(t) )

= Fnw(XN@-me1:ne) — @) — Fne (Xne:ne — bi)-

By the monotonicity of the empirical distribution function we have that (4) holds locally

uniformly and also uniformly in JR. Lemma 2.5.3 of Embrechts et al. (1997) implies
Fyolw) “5 Flu), ueR, (25)

holds locally uniformly in IR. Hence in order to show the first claim it suffices to prove that

XN(t)—m(N(t))+1:N(t) = w, t— o0. (26>

By Theorem 4.1.14 of Embrechts et al. (1997) we have

P{ lim Xn—m(n)+1:n = w} =1,

n—oo

thus applying again the afore-mentioned lemma, we get that (26) is satisfied.

Note that a direct proof for case m(N(t)) = m € IN can be obtained by the following lines:
Since the random sequence {X N(t)—m+1:N (1), b = 0} is monotone in t, it suffices to show
actually that

XN@-mN@ 2w, t— 00
holds. Now for any £ > 0 we have
P{XN(t)—m+1:N(t) < w — 6} = P{FN(t)(w — 8) >1-— m/N(t)}
= P{F(w—¢)>1—-0,(1)}
— 0, t— o0

11



by the continuity of the distribution function F' at the upper endpoint w. O

Proof of Proposition 2.2. The assumptions and Proposition 2.1 imply

Ki(a,b,my)  Ki(a,b,my)/N(t) as Pla,b)

Ki(ra,mb,m;)  K(ta,7b,m;)/N(t) - P(ra,7b)’ B
therefore for the choice of constants a, b, T
(0, b ) Int
TG, O T T In(KCs(a, b, my)/KCi(Ta, 7b,my))
a.s. In7
In(P(a,b)/P(ra,th))
_ In7
In 71/7
= 7
if I satisfies (2). Further since 4;(a, b, 7,m;) =5 v we get as t — oo
N b /Ct(a b mt) Fe(abrime)
Wt(a; 7mt N b 1/43¢(a,b,7yme) a~ 1/’yt(ab7'mt)]
v
( 1/'7 —a~ 1/’7)
= w,
hence the proof. O

Proof of Proposition 2.3. For notational simplicity we write m instead of m(n) in the
following. Further we assume that a; > 0,7 = 1,2. The case a; = 0 forv =1 or i = 2

follows along the same lines. As above we have for alln >m > 1,u € IR

K,(a,b,m)

== Fn(Xn—m+1:n - ai) - Fn(Xnn - bz)
n

Next, since further X,,_,,11., < w holds almost surely, we have
Fo(Xn—miin — b)) < Fo(w—1b)
and for n large (since lim,, .o, £, = 0)
Fo(Xp—mitn —b;) — F(w—=10;) > Fy(w—"0b—¢,) — F,(w—10)

+1(anm+1:n <w — En)-

12



Hence with (11) and (12)

\/E[Fn<Xn—m+1:n - bl) - F(W - bl)]
> Vn[Fp(w—b; —en) — Fu(w —b)] + Vnl(Xp_mi1m < W — &)
+Vn[Fu(w —bi) — F(w — b))

= Vn[F,(w—1b) — F(w—b)] + 0,(1).
Along the same lines we get further

V[ Fo(Xnmiin — i) = Flw = a;)] = Vn[Fa(w = a;) = Fw = )] + 05(1).

Finally, (13) implies for n — oo

\/E<Kn(a1, by, m)/n — Play, br), K, (as, by, m) /n — P(as, bg))

4, (Y(w —a1) —Y(w—="0),Y(w—az) —Y(w— b2)>’

hence the statement follows applying further Lemma 2.5.3 of Embrechts et al. (1997). O

Proof of Proposition 2.5. First note that the joint weak convergence

ﬁ(Kn(a, b,m)/n — P(a,b), K, (ra,7b,m)/n — P(ra, Tb))
4, <Y(w @)~ Y(w—0),Y(w—7Ta) — Y(w— Tb)),

holds under the assumptions of the proposition. Using now the well-known delta method

we get
Vali(a,brm(n) =7 5 V. o0 oo
with 5 := (P(a,b)/P(7a,7b)) ' InT and V a Gaussian random variable with mean zero

and variance given by

InT

In*(P(a,b)/P(ra, Tb)))

8 (P(i, b)’ P(T:L,lTb)>Tvar{(Bl’ Ba) (P(clb, b)’ P(T_a,lfb))’

where B, By are two random variables such that

Var{V} = (

Var{B,} = P(a,b)(1 — P(a,b)), Var{Bs}=P(ra,7b)(1 —P(ra,7b))

13



and

Cov{Bi,By} = P{X,€w—-bw—T1aNb]}—P(a,b)P(ra,td)
= P(a,b) — P(a,b)P(ra,7b) — P{X; € [w —Ta Ab,w — al}
= P(a,b)(1 —P(ra,7b)) — P(a,Ta A D)

hold. So putting together we obtain

Var{V'}
Var{B,} 2Cov{ By, B2} Var{B,}

P(a,0)2 P(a,b)P(ra,7b) P(ra,7b)?

In7

(1n2(P(a, b)/P(ra, Tb)))2

InT

(ln2(P(a, b)/P(ra, Tb)))
1-P(a,b) 2[P(a,b)(1 — P(ra,7b)) — Pla,7a Ab)] 1—P(ra, Tb)]

P(a,b) P(a,b)P(7a,1b) P(ra,Tb)

Int

(lnz(P(a, b)/P(ra, Tb))) (1 =P(a,b))P(ra,7b) — 2[P(a,b)(1 — P(7a, b))

—P(a,7aND)] + (1 — P(7a,7b))P(a,b)| /(P(a,b)P(Ta, b))

_ ( Int )2P(7-a,Tb) —P(a,b) + 2P(a,7a A b)
In*(P(a,b)/P(ra, b)) P(a,b)P(ra,b)

Since further (21) holds as t — oo, the first claim follows. Along the lines of Miiller (2003)

the second can be established easily, thus the proof. O
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