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1 Introduction

Dynamic reinsurance markets have been studied in a continuous time framework using
no-arbitrage conditions by Sondermann (1991), Delbaen and Haezendonck (1989) and de
Waegenaere and Delbaen (1992), among others. The main idea underlying these papers is
to allow for dynamic rebalancing of proportional reinsurance covers. Typically it is assumed
that some process related to an insurance risk process (accumulated premiums minus claims)
of some insurance business is tradeable and that positions can be rebalanced continuously.
For example, this could mean that reinsurers can change at any time (continuously) the
amount of insurance business that they have accepted. Thus, the insurance risk process can
essentially be viewed as a traded security, and this already imposes no-arbitrage bounds on
premiums (prices) for other (traditional) reinsurance contracts such as stop-loss contracts.

This paper studies the situation where the traded index X is defined as claims less premiums
on some insurance portfolio. This process is driven by a marked point process, where claims
occur according to an inhomogeneous Poisson process and claim amounts are distributed
according to some time-dependent distribution. In contrast to the classical papers on
dynamic reinsurance markets, we moreover allow for a diffusion component in the traded
process. This leads to an incomplete market with two traded assets, a savings account
and the price process related to the insurance risk process. On the other hand, if we
allow claims to be described by an absolutely continuous distribution, there are essentially
infinitely many sources of risk. As a consequence of this incompleteness, contingent claims
(reinsurance contracts) cannot be priced uniquely by using no-arbitrage theory alone. In
particular, there will be infinitely many martingale measures. For most contracts, different
measures will lead to different prices, and it is not clear which measure one should apply.
In this setting, we determine optimal martingale measures known from the literature on
incomplete financial markets, such as the minimal martingale measure and the minimal
entropy martingale measure. These are candidate measures that can be used for pricing or
valuation. For a treatment of their properties, see e.g. Schweizer (2001) and Grandits and
Rheinlénder (2002). The main result of this paper is a criterion for the ordering of prices
under two given martingale measures, which is sufficiently general to show that these two
optimal martingale measures are ordered in the so-called convex order. More precisely, we
show that for any convex function @, the price of the contract with payoff ®(Xr) is smaller
under the minimal martingale measure than under the minimal entropy martingale measure.
For example, this is relevant for a stop-loss reinsurance contract ®(Xr) = (X7 —K)*, which
covers claims above some level (the sum of the premiums and the level K). The results
show that the minimal entropy martingale measure in our model can be viewed as a more
conservative attitude to risk than the minimal martingale measure.

Ezisting literature

In order to illustrate the relation of our results to the ones obtained by Sondermann (1991)
and Delbaen and Haezendonck (1989), we introduce some notation and give a short review of
their main results; a similar review can be found in Mgller (2002). Let U; be the accumulated
claims during [0,¢] from some insurance business and let p = (pt)o<i<7 be a predictable
process related to the premiums on this business; we assume that all amounts have already
been discounted with the interest rate on the market. Define the process X by X; = Uy +p;.
Sondermann (1991) takes —p; to be the premiums paid during [0,¢], so that —X; is the
insurance risk process. Thus, X; can be viewed as the value at time ¢ of an account where
claims are added and premiums subtracted as they incur. In particular, in the special case
where premiums are paid continuously at a fixed rate k, py = —kt. Reinsurers can now



participate in the risk by trading the asset X. Sondermann (1991) demonstrated that in this
setting of a dynamic market for proportional reinsurance contracts, traditional reinsurance
contracts such as stop-loss contracts can be viewed as contingent claims and that these
claims should be priced so that no arbitrage possibilities arise. Delbaen and Haezendonck
(1989) interpreted p; as the premium at which the direct insurer can sell the remaining risk
Ur — Uy on the reinsurance market. In their framework, X; represents the insurer’s liabilities
at time ¢. In the special case where the direct insurer receives continuously paid premiums
at rate x and provided that this premium is identical to the one charged by the reinsurers,
we obtain that p; = x(T — t), so that p; in this situation differs from Sondermann’s choice
only by the constant kT'. Delbaen and Haezendonck (1989) assumed that U is a compound
Poisson process, i.e. Uy = ZZN:H Y;, where N is a Poisson process and Y7, Yo, ... is a sequence
of i.i.d. non-negative random variables which are independent of N. They investigated the
set of equivalent measures () which are such that U is also a ()-compound Poisson process.
For each such measure @, a predictable premium process p was obtained by requiring that
X be a @-martingale. This procedure guaranteed that no arbitrage possibilities could
arise from trading in X. In this way, Delbaen and Haezendonck (1989) recovered several
traditional actuarial valuation principles on a certain subspace of claims from no-arbitrage
considerations, namely the expected value principle, the variance principle and the Esscher
principle. A more detailed account of the results of Delbaen and Haezendonck (1989) is
also given by Embrechts (2000).

Outline

The present paper is organized as follows. Section 2 introduces the basic model for the
traded price process and decomposes the process into the driving martingale parts. In Sec-
tion 3, we study various martingale measures. Section 3.1 recalls Girsanov’s Theorem for
jump-diffusions, and Section 3.2 considers some simple examples of martingale measures
suggested by Delbaen and Haezendonck (1989). Sections 3.3 and 3.4 are devoted to stud-
ies of the minimal martingale measure and the minimal entropy martingale measure. In
Section 4 we give some results that are related to a comparison result for martingale mea-
sures obtained by Henderson and Hobson (2002) within exponential jump-diffusion models.
Section 5 contains the main results. Here, we present our general result on ordering of
martingale measures, and it is showed that the minimal entropy martingale measure in
our model leads to higher prices than the minimal martingale measure. Finally, we com-
pare these two optimal martingale measures with the measures suggested by Delbaen and
Haezendonck (1989). In the special case with exponentially distributed claims, where all
measures can be characterized explicitly, we present some numerical results.

2 Model and notation

We consider the discounted traded price process
X, = /(0 AN (dy) + o dWe — py e (2.1)

where Xg = xg, W is a standard Brownian motion, and where N* is a marked point process
with intensity

v(dt,dy) = Gi(dy) A dt. (2.2)

All processes involved are defined on a filtered probability space (2, F, IF, P), and we con-
sider a fixed finite time horizon T'. We assume that IF' is the P-augmentation of the natural



filtration of X; furthermore, we take Fr = F and assume that Fy is trivial. Moreover,
we restrict to the case where the parameters A;, oy and p; are deterministic functions of
time ¢ and assume that for each ¢, G¢(-) is a distribution function on (0, 00), which only de-
pends on t. This means that X has independent increments. In comparison to the classical
papers on dynamic reinsurance markets mentioned above, we include a term driven by a
Brownian motion. This term may be interpreted as a description of small claims, expenses
or adjustments of claim amounts.

Safety-loading
We introduce the notation

Pt = / y* Guldy),
0,00)

which is the £’th moment (under the measure P) of claims occurring at t. We require that

pr,t < oo for all £ > 0 and that

pr= (14 9) Aeprg > A pine, (2.3)

where J; > 0 is the deterministic safety-loading parameter. This condition means that we
assume that there is a non-negative safety-loading on the risk process. Finally, we assume
that the distributions G; have finite exponential moments, i.e. that

[ emGildy) < .
(0,00)

for 7y in some open interval containing 0.

Compound Poisson process with noise

The marked point process N* models the occurrence of claims and their sizes. The param-
eter \; may be interpreted as the intensity for arrival of claims, and Gy describes the claim
size distribution. If we assume that G and A are independent of ¢ (time-homogeneous jump
part), we may write X as

Ny t t
Xt:X0+Z}Q+/JSdWS—/des, (2.4)
i=1 0 0
where N is a homogeneous Poisson process with intensity A, and where N is independent
of the sequence Y1,Ys,... of i.i.d. random variables. Thus, —X is similar to a classical
insurance risk process added noise from a Brownian motion.

Change of measure for compound Poisson processes
In the subsequent sections, we study equivalent martingale measures for the process X via
Girsanov’s Theorem. Here, we specialize to the time-homogeneous pure jump case, where
X is given by (2.4) with 0 = 0. For simplicity, we take T' = 1. Below, we consider measures
Q defined by 3—% = 71, with density process Z; = E[Z1|F;] given by

7, = ¢~ MEB()] 7, log(14+6(Y;)
where ¢ is some function with ¢(y) > —1 for all y > 0. Delbaen and Haezendonck (1989)
showed that the process U; = Z;V:i 1 Yj is a compound Poisson process under ¢ with pa-
rameters

A9 = A(L+EBM)). (2.5)
G9(dy) %G(dw. (2.6)
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Here, we show that U is a compound Poisson variable under Q with parameters (A9, G9),
given by (2.5) and (2.6), by simply calculating the characteristic function of Uy. Recall that
the characteristic function of the compound Poisson variable U; = Zj»v:ll Y; with parameters
A\, G) is

E {eisUl} _ e,\(E[eisYl]A)

which involves A and the characteristic function of Y; with distribution G. Under @, the
characteristic function is

Eole™'] = E [e‘AEW”eZﬁ ‘°g<1+¢<%>>6i82?_11’4

1+ E[p(Y1)]
—  AOHE[B(Y)])(Egle1]-1) (2.7)

Jj=1

. {ﬁ (eis”(l o) +E[¢<Y1)])>

Here, the first equality follows by using the definition of @), and the second equality follows
by straightforward calculations; in the last equality, which follows by using the properties
of N and Y7,Y5,... under P, we have moreover introduced the notation

isYi _ sy L+ o) _ isy ~Q
E¢[6 ] - /(0700) € yl +E[¢(Y1)] G(dy) - /(O,oo) e yG (dy))

where G¥ is defined by (2.6). This shows that (2.7) is indeed the characteristic function of
a compound Poisson variable with parameters (2.5) and (2.6).

2.1 Random measures and the canonical decomposition

Sometimes it is convenient to model the jumps in X via an integer valued random Poisson
measure y(dt,dy) (i.e. a marked point process) with compensator v(dt,dy) given by (2.2).
Now rewrite (2.1) as

dX, = /( o VO ) = Xy Galdy) )+ AW+ O g = o) (2.8)

This shows that the process X can be written as X = Xo+ M + A, where M is a martingale,
and where A is predictable and of finite variation with

dM, — /(0 )y('y(dt,dy)—)\th(dy)dt)—l—atth,
dA; = (Mpre —pe)dt = =04 A1 g dt.

Under the above assumptions, A is actually deterministic. For later use, we give here the
so-called predictable quadratic variation process (M) of the martingale M; for its precise
definition and properties, see Jacod and Shiryaev (1987). This process is determined by

(M), = / V2G(dy) Aedt + o2dt = (jiae e + 02)dt.

)

In addition, we note that dA; = oy d(M);, where

Ut At p 4
ap =, (2.9)
At pi2, + 07f
In particular, A is absolutely continuous with respect to (M), which is known to be a
necessary condition for the existence of an equivalent martingale measure for X, see Ansel

and Stricker (1992, Théoreme 4).



3 Martingale measures

It is well-known that there can be many martingale measures for X even in the situation
where 0 = 0, i.e. when the Brownian motion W does not affect the traded risk process, see
e.g. Chan (1999) and references therein. In this case, a martingale measure can, loosely
speaking, be defined by changing the intensity A; for the occurrence of claims, by changing
the distribution Gy(-) for the claim sizes, or by combinations of these two methods.

In the literature, one can find notions such as the minimal martingale measure and the
minimal entropy martingale measure. In this section, we list these martingale measures for
the process X and give a discussion of its dynamics under these new measures. The results
in this section are well-known and can essentially be compiled from various other papers
on pricing of options on assets driven by jump-diffusions; for related results on log-Lévy
processes, see e.g. Chan (1999), Henderson and Hobson (2002) and references therein.

3.1 Girsanov’s Theorem

This section recalls Girsanov’s Theorem for our situation, which is covered by Theorem
I11.3.24 of Jacod and Shiryaev (1987); see also Chan (1999). Consider a probability measure
(@, whose density process with respect to P is given by

dQ
Zy =E|—
t |:dP ‘ ft:| )
where Z is a P-martingale, Zy = 1, and where

dZy = Zy <¢tth + oe(y) (y(dt, dy) — v(dt, dy))) )

(0,00)

with 1 + ¢4(y) > 0 for predictable processes 1 and ¢. Girsanov’s Theorem states that
WE defined by thQ = dW; — idt is a Q-standard Brownian motion and that ~(dt, dy) —
vQ(dt, dy) is a Q-martingale increment, where v?(dt, dy) = (1+¢¢(y))v(dt, dy). This means
that v is the Q-compensator of . If we insert this in (2.1), we get that

dX; = o dW2 + Propdt + ( )y(v(d@dy)—vQ(dt,dw)
0,00

+ / g (dt, dy) — (1 + 091 hedt.
(0,00)
Thus, X is a (local) @Q-martingale (so that () is a martingale measure) provided that

Yeoy + A /( y(1+ 64 (y)Gi(dy) — (1 + 91 h = 0, (3.1)

0,00)

for all ¢. We shall also refer to (3.1) as the martingale equation. If ¢;(y) is deterministic,

i.e. a function of (¢,y) only, then it is natural to rewrite the ()-compensator as vQ(dt,dy) =
A2 G9(dy), where A° = (1 4 ¢;) Ay, with

b= H@Cud)

and where

1+ ¢u(y) At
GP (dy) = = Guldy) = 51+ 6:))Galdy). (3.2

t
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This means that claims occur under @ according to an inhomogeneous Poisson process with
intensity )\? = M(1 + ¢¢) and with time-dependent claim size distribution given by (3.2).

We finally note that dQ = Zr and that the density process Z may be written as

z - mp(/¢ﬂwz—%/z£%)wp(g%;@bﬁl+%@ﬁﬂﬁdw>
exp< //OOO v(ds dy))

3.2 DMartingale measures in the time-homogeneous case: Examples

We consider three examples of martingale measures proposed by Delbaen and Haezendonck
(1989). They considered the time-homogeneous case and did not include a Brownian motion
in the traded price process. They therefore focused on measures Q° with density

ﬁ—(}’ex </0T /000 v(dt dy))

which means that 5(y) = log(1 + ¢(y)) in the notation used above.

One example is to take ( constant, for example (y) = log(1 + ¢), ¢ > —1. In this case,
the martingale equation (3.1) leads to

A [ 91+ OGy) = AL+ D)

which implies that { = 9. Thus, under this martingale measure, the Poisson intensity is
changed to (14 ¥)A, while the distribution (3.2) of the claims remains unchanged. We refer
to this measure as Q1) and the parameters are called (A1), G),

Another example is ((y) = log(1 + b(y — u1)), for some b > 0. In this case, the martingale
equation becomes

A [ o1+ bly = i)Gdy) = A1+ D,

which shows that this martingale measure Q) is determined by b = 91 /(2 — (111)?). Note

that the condition ¢(y) > —1 for all y is only satisfied if 19(/?1) 7 < 1, which means that
the safety-loading ¥ should not be too big. Under this martingale measure, the Poisson

parameter is unchanged, i.e. A(?) = X\, whereas the distribution for the claim amounts is

given by
@) (o) — O
G (dy) (1 o )2 (y m)) G(dy).

This defines the martingale measure Q2 with parameters ()\(2), G(Q)).

A third example is G(y) = py — log([ e”YG(dy)), for some p > 0. In this case, 1 + ¢(y) =
eV ] [ ePYG(dy), so that the martingale equation for this martingale measures Q) becomes

Under this measure Q) the Poisson parameter A\ is again unaffected by the change
of measure and equal to A, whereas the distribution of the claim amounts changes to
GO (dy) = (1 + ¢(y))G(dy). We analyse these measures in Section 5.3 and compare them
with the minimal martingale measure and the minimal entropy martingale measure.



3.3 The minimal martingale measure

Define a local martingale Z via

Zt:c‘?(—/adM) ,
t

where « is defined by (2.9). This means that Z is the solution of the stochastic differential
equation dZ = —ZadM , with 20 = 1. It is well known and follows by Girsanov’s Theorem
that ZX is a local martingale under P, so that we can define an equivalent martingale
measure P via 2_11; = ZT, provided that Zr is strictly positive and E[ZT] = 1. The measure

P is known as the minimal martingale measure, see Follmer and Schweizer (1990), and
it is well-known that this measure is in general only a signed measure for discontinuous
processes; see also Schweizer (1995). This phenomenon can occur since Zp may attain
negative values. Thus, in general, additional assumptions are needed in order to guarantee
that P is a true probability measure.

Introducing AM; = M; — M;_ = [y~({t},dy) and M; = M; — >s<t AM;, we can rewrite
the process Zt as

~ t - 1 ¢
Zy = exp (—/ o, dM, — 5/ ag O'g ds) H (1 — asAMy), (3.3)
0 0

see e.g. Jacod and Shiryaev (1987, Theorem 1.4.67). In order for the measure P to be a
probability measure, we need that Zr is strictly positive. This is indeed the case provided
that all factors (1 — asAM;) appearing in (3.3) are strictly positive. However, the assump-
tion (2.3) of a positive safety-loading already guarantees that « defined by (2.9) is negative,
so that (1 — asAM;) > 1. This ensures that ZT is strictly positive.

The dynamics of X under the minimal martingale measure can now be found in the following
way: Rewrite the density process Z as

~ t 1 rt
Zy = exp (—/ ag o dWy — —/ a? J? ds)
0 2 Jo

t t
exp (/ Q5 As 11,5 ds) exp </ / log(1 — as y)y(ds, dy)) . (3.4)
0 0 J(0,00)

By Girsanov’s Theorem, I//[\/t =W+ fg as04ds is a standard Brownian motion under ]3,
and the P-compensator of v(ds, dy) is

~ 11—«
v(dt,dy) = (1 — ap y)v(dt, dy) = ?ﬂfGt(d?J)(l — Qy pi1,4) A dt. (3.5)

In this case, the martingale equation becomes

— OétO't2 + )\t/ y(l — Oéty)Gt(dy) — (1 + 79t))\tu1,t =0. (36)

(0,00)

This equation could also simply be obtained from (2.9). Under the minimal martingale
measure P, claims occur according to an inhomogeneous Poisson process with intensity

/):t = (1 — O Ml,t))\t’ (37)



which exceeds the intensity A; under P, whereas a claim occurring at time ¢ has distribution

L=y g, ay).

Gy(dy) == T—ar s

The distribution G, differs from G in that it increases the probability for claims above the
mean /1 and reduces the probability for claims below the mean. Moreover, it follows that

/ yGy(dy) < / yGy(dy).
(0,00) (0,00)

Thus, the change of measure from P to the minimal martingale measure P increases the
intensity for occurrence of claims as well as expected claim sizes.

3.4 The minimal entropy martingale measure

An equivalent martingale measure is called the minimal entropy martingale measure if it
minimizes the so-called relative entropy with respect to the measure P, i.e. if it minimizes

e[ ()
ap *®\dp
over all equivalent martingale measures Q). It follows e.g. from Grandits and Rheinlander
(2002) that the density of the minimal entropy martingale measure P is of the form

dP T
P = Cexp (/0 Ns dX8> , (3.8)

for some constant C' and some integrable process n. More precisely, it is shown by Grandits
and Rheinlénder (2002) that an equivalent martingale measure on the form (3.8), where n
satisfies some additional integrability conditions, is in fact the minimal entropy martingale
measure; see also Chan (1999).

In our model, the structure of the minimal entropy measure can be exploited to determine
the process n in the following way: Consider a measure P’ on the form (3.8) where 7 is
some deterministic process. (Of course, for most choices of 7, P" will not be a martingale
measure.) Using the fact that v(dt,dy) and the process A appearing in the canonical
decomposition for X are also deterministic, (3.8) may be rewritten as (here C' is a constant
which may change from line to line):

C;—in = Cexp </0Tns d(M, + As)) = Cexp (/OTns dMs)
ce (/ nadW) exp </ i /OOO ~(dt, dy) — )\th(dy)dt)>
CcE (/ nadW)TeXp </0 /(0700) log e”ty’y(dt,dy)> . (3.9)

Thus, for each deterministic function 7, we have an equivalent measure P, which has
den51ty (3.9) with respect to P. The question is now whether n can be chosen such that
P" becomes a martingale measure, and hence the minimal entropy martingale measure.
To answer this question, note that the structure of (3.9) is similar to (3.4), so that we
can immediately derive the properties of the processes W and ~(dt,dy) which drive X.



We see that dW; = dW; — no4dt is a standard Brownian motion under P" and that the
P"-compensator of ~(dt,dy) is

v(dt,dy) = e"Vu(dt,dy) = Gy(dy)\dt,

where

_ oY
Gi(dy) = WGt(dy),

and \; = 1;(n)\s. Here, we have introduced the notation
vilw) = |Gy, (3.10)

We can now express dX in terms of the P’-martingale increments dW and ~(dt,dy) —
v(dt,dy), which leads to the martingale equation

’I’}tO'tz + )\t/ yemyGt(dy) - (1 + 1925))\15#17{/ = 0. (311)
(0,00)

A similar result was obtained by Chan (1999), who showed that this equation will have

a unique solution provided that (n;) is finite for 7; in some open interval containing 0.

Thus, the minimal entropy martingale measure is uniquely determined via the solutions 7

to the equations (3.11). By rewriting the above equation for 7, as

nt0t2 + )\t/ y(e”ty — 1)Gt(dy) — /Lgt)\tﬂl,t = 0, (312)
(0,00)

we can realize that 7 > 0. To see this, recall that by assumption J; > 0. Thus, for 1, < 0

all terms on the left side of the equation are negative, which leads to a contradiction.

The case of gamma distributed claims
Assume as an example that G is the gamma distribution with parameters (f,9), i.e. that
G(dy) = g(3,5)(y)dy, where

§8
9(3.6)(dy) = myﬂ_le_éy- (3.13)

Then, it follows that

po°
WG(dy) = —————,
/(0700) ye ( y) (5 _ n)ﬁ+1

for n < 0. In particular, for a and 3 integer valued, solving (3.11) involves finding a real root
in a polynomial of order 5+ 2. If 3 = 1 (exponentially distributed claims), this amounts
to solving a cubic equation (quadratic, if o = 0). We return to this example in Section 5.3.

4 Comparisons of optimal martingale measures

A natural question is whether there is a systematic ordering of prices computed under
the two optimal martingale measures introduced above. This question has recently been
studied in a different context within an exponential jump-diffusion model by Henderson
and Hobson (2002), among others, who gave a simple criterion for ordering of option prices



under various martingale measures. We first recall their result in our setting. We then show
that their criterion does not allow for a comparison of prices under the minimal entropy
martingale measure and the minimal martingale measure within our model.

Let @ be some martingale measure for X and let

X7 = Xo +/ /000 v(dt,dy) — (1 + gb?(y))u(dt,dy)) + /OT oy thQ, (4.1)

where W€ is a standard Brownian motion under @, and where (1 + gth(y))Z/(dt, dy) is the
Q-compensator of y(dt,dy). According to (3.5), ¢f (y) = —asy for the minimal martingale

measure. For the minimal entropy martingale measure, Section 3.4 shows that ¢f (y) =
exp(n.y) — 1, where 7, solves the equation

moy + N /(0 )y(enty —1)Gy(dy) — I¢Agpr,e = 0. (4.2)

Consider now another martingale measure () and the corresponding decomposition

5 T .
XO*/ /0 y(dt, dy) — (1+ ¢ (y))v(dt, dy)) +/0 o dW. (4.3)
A first ordering result is now obtained via the following:

Proposition 4.1 (Henderson and Hobson 2002)

Let H = ®(X7) for some convex function ® and consider two martingale measures Q) and
Q with ¢9 and ¢9 deterministic. If gi)?(y) > qth(t,y) for all (t,y), then EqQ[®(Xr)] >
EQ[CI)(XT)].

This result is taken from Theorem 6.1 of Henderson and Hobson (2002), who prove this via
coupling and Jensen’s inequality for conditional expectations. Since our situation essentially
only differs from their setup in that they consider an exponential jump-diffusion model,
we omit the proof of this result here; the result can also be proved with the techniques
introduced in Section 5 below.

The following result gives a strict lower bound for the value of the parameter 7;. However,
this bound does not allow for a uniform comparison of the kernels ng (t,y) and ng (t,y)
for the minimal entropy and minimal martingale measures. To see this, we first show the
following;:

Lemma 4.2 The parameter 1. appearing in the kernel qbtﬁ(y) = ™Y — 1 is strictly positive,
and n < —ay.

Proof: We can realize this by a straightforward examination of (4.2). By adding and
subtracting the term 7,y, the integrand can be rewritten as eV —1 = gy + f (1, y), where
f is defined by f(n,y) = €™¥ — (1 + ny), which is strictly positive for n; > 0 and y > 0
(Taylor expansion of e at 0). Thus, the integral appearing in the equation (4.2) for 7,
becomes

(0,00) ,00

N[ e nGdy) = [ PG N [l Gty

= mMpior + N F (),
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where F(1;) > 0. By inserting this in (4.2), we get that n; (07 + Apio.t) +AeF () = D depin s,
which shows that

M F () _ Vet _
02 + Mfiog  OF + Moy

This completes the proof. O

The lemma can be used to see that the minimal martingale measure and the minimal
entropy martingale measures in our case do not admit the uniform ordering needed in
Proposition 4.1. This follows immediately by comparing €Y — 1 and —ayzy. First recall
that 0 < 1 < —ay. Then, define the function

~

w(y) = €M — 1+ ary = ¢F (y) — 6F (1),

which is the difference between the kernels under the minimal entropy martingale measure
and the minimal martingale measure. It follows that v(y) is strictly positive for y sufficiently
big, whereas v(0) = 0 and v'(0) = m: + ¢ < 0, so that v(y) is negative for small y. This
shows that in the case where claims take values in any interval of (0,00) with positive

probability, a uniform ordering of qﬁ?(y) and gbtﬁ (y) does not exist. More precisely, we see
that ¢ (y) < ¢ (y) for y small and ¢! (y) > ¢! (y) for y sufficiently big.

Remark 4.3 Equations (3.6) and (3.11) show that

—OétJtQ‘i‘)\t/

o )y(l — ayy)Gy(dy) = o + )\t/ ye™YGy(dy),

0,00)

which implies that

Xtﬁl,t =N\ /(0 )y(l —ay)Gi(dy) = (4 aw)o; + N\ /(0 )yemyGt(d?J)

< )\t/(o )yemyGt(dy)thﬁu-

This shows that the expected value under the minimal entropy martingale measure of
the random Poisson part is bigger than the expected value under the minimal martingale
measure. The last calculation combined with the above lemma shows that we have “=" if
and only if c = 0. O

4.1 Simple comparisons

Ordering of Poisson intensities in the pure jump case

Assume now that ¢ = 0. Under this simplifying assumption, we show that e > A, ie.,
the Poisson arrival intensity under the minimal martingale measure exceeds the one for the
minimal entropy martingale measure. Using the definition of );, Taylor expansion for the
exponential function and Tonelli’s Theorem, we first rewrite the Poisson intensity under
the minimal entropy martingale measure as

)\t == )\t/ GntyGt(dy)
(0,00)

B — (ney)"
Y /(0700) (TRZO o )Gt(dy)

Y (1 +3 77%”%) . (4.4)
m=1 :
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Here, 7, is found from the equation (4.2), which via similar calculations simplifies to

Supirs = /(O U = 1)Galdy) = 3 pprbimeLe (4.5)

! m!
Under the minimal martingale measure, the Poisson intensity (3.7) is
N 1
)\t = )\t(l — atul,t) = )\t <1 + 79t—7> . (46)
M2t
By inserting (4.5) in (4.6), we get that

o0
/):t =M1+ P Z nZnHerll,_t )
,U,27t me=1 m.

which can now be compared directly with (4.4). To see that N > s only remains to
verify the following inequality for the moments of the distribution G;:

W1t g1t = fomgt P2, for m=1,2,.... (4.7)

The inequalities (4.7) are in fact a direct consequence of a generalized version of Chebychev’s
other inequality, see e.g. Fink and Jodeit (1984) and Mitrinovi¢ and Vasi¢ (1974). For
reasons of completeness we recall that result here:

Lemma 4.4 (Chebychev’s other inequality, generalized)
Consider a probability measure G* and two functions f and g. Then it holds for any interval

(a,b] that

Gy [ o))z [ 1wedn) [ aw)e ),
(a,b] (a,b] (a,b] (a,b]

(f(z) = () (9(z) = g(y)) = 0, for all (z,y) € (a,b]*.

Note that the necessary condition is indeed satisfied if for example the functions f and g
are both increasing.
Applying Lemma 4.4 with the probability measure Gj(dy) = %Gt(dy), the functions

fly) = y™ 1 g(y) = y, which clearly satisfy the condition, and by considering intervals
(0,b] as b goes to infinity, we get that

/ yGy(dy) / Y LGy (dy) > / Y Gy (dy) / y2Gy(dy),
(0,00) (0,00) (0,00) (0,00)

which shows (4.7).

Ordering of expected values in claim size distributions
In the general case with a diffusion term, where o # 0, we cannot conclude that A\; > A
via similar calculations. However, similar arguments show that

= Jy(A —ouy)Gildy) _ [ye™Gi(dy)
M1t = f(l — Oéty)Gt(dy) < fentyGt(dy) = M1t

(4.8)
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that is, the expected values in the claim size distributions are ordered. This result is
essential for the proofs of our main results in the next section. The inequality in (4.8) can
be established by using Taylor expansions of the exponential functions appearing on the
right of the inequality. Thus, it is sufficient to show that

(e = cuping) Y prme—— < (L= aepiig) D Hmyre——
m=0 m m=0 m

and this follows via Lemma 4.4.

5 Stochastic orders and optimal martingale measures

5.1 Some results from the theory on stochastic orders

This section reviews some standard results from the theory on stochastic orders that will
prove useful below; references are Miiller and Stoyan (2002) and Shaked and Shanthiku-
mar (1994). For applications of stochastic orders in actuarial science, see e.g. Goovaerts,
De Vylder and Haezendonck (1984), Kaas, van Heerwanden and Goovaerts (1994) and
references therein.

Consider two random variables Y and Z, with distribution functions Fy and Fy, respec-
tively. The random variable Y is said to be stochastically smaller than Z if Fy (y) > Fz(y)
for all y. In this case we write Y <4 Z or Fy =<4 Fz; note than this is a condition on
the distribution functions for Y and Z and that Y and Z need not be defined on the same
probability space. It is not difficult to see that if Y and Z are non-negative and if Y <4 Z,
then E[Y"] < E[Z"] for all » > 0. The random variable Y is said to be smaller than Z in
the increasing convexr order (written Y <. Z or Fy <. Fyz) if

[e.°]

oo
EI(Y —2)*] = [ -2y < [ (- a)Faldy) = E[(Z — )]
for all z. It follows by Jensen’s inequality that E[Y] <. Y, i.e. Y is larger in the increas-
ing convex order than its expected value. It can be shown that Y <. Z if and only if
E[®(Y)] < E[®(Z)] for all increasing convex functions ®. If, moreover, E[Y] = E[Z], then
this inequality holds for all (not necessarily increasing) convex functions. In this situation,
we simply say that Y is smaller than Z in the convex order.

Let © be another random variable and denote by Fyg and Fyzy the conditional distribu-
tions of Y and Z given © = 0. If Fyy =, Fzp for all ¥, then Fy =. Fz. Thus, the

(increasing) convex order is closed under mizture. If Y1,Ys,... and Zy, Zs, ... are sequences
of independent random variables such that Y; <. Z; for i = 1,2,... then g(Y1,...,Y,) =
9(Z1,...,Zy) for any increasing, component-wise convex function g : IR™ +— IR. In partic-

ular, this shows that Y1 +...4+Y,, <. Z1+...4 Z,,, so that the (increasing) convex order is
closed under convolution. If moreover each of the sequences (Y;)iew and (Z;);en are i.i.d.
and if N and M are two integer-valued non-negative random variables with M <. N which
are independent of the sequences of Y;’s and Z;’s, then

M N
Y Yz > Z. (5.1)
=1 =1

This shows that the (increasing) convex order is closed under random summation. For
example, if M and N are Poisson variables with parameters \j; and Ay, then M <. N if

13



Av < An. A useful sufficient criterion for the (increasing) convex ordering of two random
variables Y and Z with distribution functions Fy and F is the so-called cut criterion: If
E[Y] < E[Z] and if there exists some finite £ such that

Fy(y) < Fz(y) for all y < &, and Fy (y) > Fz(y) for all y > &,

then Y <. Z. If the distribution functions Fy and Fy admit densities fz and fy with
respect to some measure and have equal means, then the cut criterion is satisfied if for
example the function (fz — fy) has exactly two sign changes, with sign sequence +, —, +.

5.2 Main results: Convex ordering for martingale measures

In this section, we formulate our main result, which gives a sufficient criterion for the convex
ordering of the distribution of Xr for two equivalent martingale measures () and ) with

deterministic kernels (Y2, ¢%9) and (9, $?), respectively; see Section 3.1 for the definitions
of @ and @ in terms of their kernels. In this situation, the jump parts of X are essentially
generated by compound Poisson processes, such that we can use the results on convex orders

reviewed in the previous section. We refer to the pairs (A?, G?) and (A2, G¥), consisting
of the Poisson intensities and the claim size distributions (both possibly time dependent),
as the parameters. Moreover, we denote by M?,t and M?,t the means in the claim size
distributions. Finally, Fp and F, g are the distribution functions of X7 under Q and Q.
Note that for any martingale measures @ and @, we have that Eg[X7] = Eé[XT] = Xy,
so that we don’t need to distinguish between the increasing convex order and the convex
order when comparing the distribution of X7 under different martingale measures.

Here is our main result:

Theorem 5.1 Consider two equivalent martingale measures QN(md~@ with deterministic

kernels (@b?,qb?) and (@b?,qb?) and parameters ()\tQ,G?) and ()\tQ,G?). Let

i) = 222 (1 + 62 (1)) — AL, (1 + 62 (). (5.2)
Assume that for all t € [0,T]:

1. )‘t Mlt )‘t Mlt and M?,t > :U'?,t'
2. There exist constants 0 < y} < y? < 0o, such that fi(y) >0 for y € (0,y}) U (y?,00)
and fi(y) <0 fory € (yi.v7)-
Then F@ =¢ Fg, i.e. for any convex function ®, E@[@(XT)] < Eg[®(X7)].

Remark 5.2 We comment a bit on the conditions needed in the theorem. The first con-
dition guarantees that the means of the claim size distributions and the means of the com-
pound Poisson parts in Xy under ) and @ are ordered. The second condition is needed in
order to ensure that we can apply the cut criterion on certain transformed densities related

to the two measures. Note that if ¢ = 0, we have that )\t N1 = )\t H1 = (1+9¢) 1 e Ae = pr,
see (3.1) and (2.3), which implies that (5.2) reduces to pt(gbt (y) — gbt (y)). O

We postpone the proof of Theorem 5.1 to Section 5.4 below. Here, we formulate and prove
instead Proposition 5.3 by using this theorem. Denote by F' and F the distribution func-
tions of X7 under the minimal martingale measure P and the minimal entropy martingale

14



Measure Poisson intensity Claim size distribution 1+ o(y)

QW (1+9)A G(dy) 1+
Q@ X (1+ mff‘,jll)g (y—m))G(dy) 1+ M21_97;1/)2 (y — )
Q¥ X e /([ e G(dy'))G(dy) e /([ e G(dy'))
~ 2
P (49X (U + e 0 — m))Gldy) 1+ s (v — )
P A[eWG(dy) e™ /([ e G(dy'))G(dy) e

Table 1: Martingale measures and their parameters in the pure jump case.

measure P, respectively. In addition, we use the notation E and E for the expectations Eﬁ

and Ep, respectively. We show that F =, F'; according to the results listed in the previous
section, this can be formulated in the following way:

Proposition 5.3 For any convez function ®, the price of ®(Xr) under the minimal mar-

tingale measure is smaller than the price of ®(Xr) under the minimal entropy martingale
measure, i.e. E[®(X7)] < E[®(X7)].

The result can also be interpreted by saying that the minimal entropy martingale measure
represents a more conservative attitude to risk than the minimal martingale measure.

Proof of Proposition 5.3: First recall that the kernels for the minimal martingale measure
P and the minimal entropy martingale measure P are indeed deterministic. Secondly,
we know from Remark 4.3 that Aifi1; < My, and (4.8) shows that fi1; < 7i;,. This

establishes the first condition of the theorem. For the measures (P, P), the function (5.2)
is given by

Ji(y) = Mfin €™ — My (1 — oy).
In this case, Condition 2 is clearly satisfied with y; = 0 and y? given as the unique stricly
positive solution to the equation fi(y) = 0. This completes the proof. O
5.3 Optimal measures versus ad-hoc choices in the pure jump case

In this section, we compare the measures determined by ad-hoc considerations in Section 3.2
with the two optimal martingale measures in the time-homogenous pure jump case. The
various measures can be found in Table 1 with their parameters, the Poisson intensity and
the claim size distribution. We end this section by considering an example with exponen-
tially distributed claims and characterize the various measures that have been introduced
so far within this example.

Proposition 5.4 In the time-homogeneous pure jump case where o = 0, the martingale
measures are ordered in the following way:

Fow 2 Fp 2 Fp 2c Fo- (5.3)
If moreover ¥(1u1)?/ (2 — (p1)?) < 1, then QP is well-defined and we have that

Foay Ze s Zc Fe) Zc I
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Measure Poisson intensity Claim size distr. (density)

P A 9(1,)
QW (1+9)A 9(1,6)
QA (1 =9)ga.6) + V902,
Qf’) A 9(1,6/(1+9))
(1+9/2)A ﬁg(m) + %192/29(2,5)

a[lav
>
q
S3

9a

s

Table 2: Probability measures and their parameters in the pure jump case under exponen-
tially distributed claims.

Proof: As mentioned in Remark 5.2, the means in the compound Poisson parts under
the various martingale measures coincide in the pure jump case, such that the first part
of Condition 1 in Theorem 5.1 will automatically be satisfied for any pair of martingale
measures. We first verify the three ordering relations in (5.3) by showing in each case that
the conditions of the theorem are satisfied:

Fpa) =c F5: Compare first the Poisson intensities under the two measures: Since QW =

IT+HA > (1 + 19(*;;2)2) = A, we see that ,u?(l) < fi3. This shows the second part of

Condition 1. To see the second condition, note that f;(y) = p(|aly — ¥), which clearly
satisfies Condition 2. (Here, @ and p are defined by (2.9) and (2.3).)

Fﬁ =c Fﬁ: This already follows from Proposition 5.3.

Fp =c Fgs): The first condition of Theorem 5.1 is verified by noting that AQY = ) <A,

and the second condition follows by noting that f;(y) = p (e? /([ eV G(dy')) — "), where
p >mn. Thus, fi(y) satisfies the second condition of the theorem. This completes the proof
of (5.3). The condition on ¥ for the existence of Q®) follows from Section 3.2, and the
ordering relations for the measures Q¥ i = 1,2, 3, and P follows from calculations similar
to the ones used for the proof of (5.3). O

The case of exponentially distributed claims

Consider the situation, where the claim size distribution G under P is exponential with
parameter d. Recall that g s) is the density for the gamma distribution with parameters
(8,6), see (3.13). Thus, in the example G(dy) = g5 (y)dy, so that u; = 1/6 and pp =
2/62. Using the various defining equations for the parameters appearing in the martingale
measures presented in Table 1, we can characterize the Poisson intensities and the claim size
distributions under the martingale measures in this example, see Table 2. This table shows
that the claims are also exponentially distributed under the measures Q, Q) and P,
whereas the claim size distributions under Q® and P are mixtures of certain exponential
and gamma distributions with shape parameter 2. (Note in addition that the measure Q?
is only defined if ¥ < 1.)

We consider a numerical example, where we take A = é = T = 1 and ¢ = 0.5. Stop-
loss premiums for retentions between 0.5 (which corresponds to 1/3 of the premium, since
(14+9)pur A = 1.5) and 6 (4 times the premium) can be found in Figure 1. (All numbers have
been computed via simulation; an alternative idea would be to apply the so-called Panjer re-
cursion, see Panjer (1981).) The figure illustrates the results in Proposition 5.4, in that the
premiums are ordered for any retention levels such that indeed Fiy) =¢ Fp 2¢ F5 =c iy
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Figure 1: Stop-loss premiums under exponential claims. The dot-dashed line (at the top)
corresponds to the measure QB the solid line is the minimal entropy measure, the dashed
line is the minimal martingale measure, and the dotted line (at the bottom) corresponds to

QW.

In particular, the figure confirms that premiums computed under the minimal martingale
measure are smaller than the ones computed under the minimal entropy martingale mea-
sure. However, the difference between the premiums under these two measures is relatively
small. For comparison, we have listed some of the premiums in Table 3. This table could
seem to indicate that there is also an ordering between P and Q) i.e. that Fp =c Fe
in our example. However, we point out that our theorem cannot be used to establish such

Measure/retention 0 1 2 3 4 5 6

QW 1.50 0.86 0.49 026 0.14 0.08 0.04
P 1.50 092 0.55 0.32 0.18 0.10 0.06
P 1.50 0.93 0.56 0.33 0.19 0.11 0.06
QW@ 1.50 0.97 0.60 0.37 022 0.13 0.07
QB 1.50 0.98 0.63 0.40 025 0.16 0.10

Table 3: Stop-loss premiums under the various martingale measures in the case of erpo-
nentially distributed claims.

an ordering of the two measures; the problem is that the mean in the Q®)-claim size distri-
bution exceeds the mean in the P-distribution, but the corresponding kernels do not allow
for application of the cut criterion.
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5.4 Proof of Theorem 5.1

We first present a proof for the time-homogeneous case, where ¢ = 0. Then, we give the
proof for the general case.

Time-homogeneous pure jump case

Assume for simplicity that T = 1. Consider two measures () and @ with decomposi-
tions (4.1) and (4.3) and take 0 = 0. The terms fol J yy(dt,dy) are distributed as standard
compound Poisson variables both under ) and @ Since X is a martingale under both
Q@ and @, and since 0 = 0, the expected values of the jump parts under the two optimal
martingale measures coincide, see Remark 5.2. Thus, it is sufficient to check that the two
compound Poisson distributions are ordered under the convex order. However, according

to Condition 1, A9 > A9, so that we cannot use the results reviewed in Section 5.1 directly;
the problem is that the claim arrival Poisson intensity under () exceeds the Q-intensity, and
we want to show that F@ = Fg.

In order to prepare for an application of the results on convex ordering, we first apply
standard results for compound Poisson variables. The distribution of the compound Poisson
variable under @ is identical to the distribution of another compound Poisson variable
Zf\ﬁl Y/, where Nj ~Poisson(\?), and where Y/, Y7, ... are i.i.d., independent of N/, with
distribution G’ on [0, 00) = {0} U (0, 00) given by

Q Q
G'(dy) = % G(dy) + (1 - %) eo(dy)
PADY \Q
= E)\_Q(l +¢9(y))G(dy) + (1 - E) eo(dy), (5.4)

where £¢(y) is the Dirac-measure at 0. For simplicity, one can take (here and in the
following) all random variables equipped with a ’ to be defined on a separate probability
space (Q, F', P"). Thus, we have increased the Q-Poisson intensity from A? to A9 by the

factor i—g > 1 and replaced the claim size distribution G by G’, which is a mixture of

the original Q-claim size distribution and the Dirac measure at 0, without affecting the
distribution of the compound variable. (To see this, simply compute the characteristic
functions of the two compound Poisson variables, and check that they are identical.) Thus,
if we can show that G¢ <. G’, then the assertion follows by using a result similar to (5.1).
To see that G¢ <. G, we now apply the cut criterion to G, defined by (5.4), and to G€
defined by

~ A ~
G9(dy) = =(1+¢%(y))G(dy).
\Q
First note that the mean y} in the distribution G’ is identical to the mean u(f? in the

distribution G@, since the mean of the two compound Poisson variables coincide in the
pure jump case.

Denote by ¢’ and g9 the densities for the distributions G’ and G¥ with respect to the
convolution of G and the Dirac measure at 0. Then the difference between the two densities
is

- Q ~
J ) —g%y) = (1 - %) {y=0} + % ((1 +6%(y)) - (1+ ¢Q(y))) Liyz0y-
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Since A\9u®@ = A\9u€, Condition 2 of the above theorem guarantees the existence of 0 <
y' < y? < oo such that

+, yel0,y),
sign(g'(y) —9() =4 — ve v, (5.5)
+, y € (y? ).

Thus, according to the sufficient condition for the cut criterion, G¢ <, G’, so that (5.1)
gives that F@ =¢ Fg as claimed. In the case A9 = X9, no adjustment of the Poisson
intensities is needed and the cut criterion follows by examining the original distribution

functions G and G9 directly. This shows the result in the time-homogeneous pure jump
case. O

Proof in the general case:

Consider now the time-inhomogeneous case, with o not necessarily equal to 0. As in the
homogeneous case, the result will be proved by examining the representation formulas for
X7 under the two measures () and Q However, in the present situation, where parameters
are time-dependent, we cannot immediately apply the results on the closedness of the
convex order under random summation. In this situation, we apply a result of Norberg
(1993) which allows us to represent the jump part fOT J yv(dt,dy) as a standard compound
Poisson variable.

Consider first the jump part under Q. By Theorem 1 and Corollary 1 of Norberg (1993),
we get that

T o Np
/ / yy(dt,dy) =YY/, (5.6)
0 (0,00) i=1

where the standard compound Poisson variable has parameters Az = fOT )\? dt and

_ o A2GP (dy)at
JENL dt

G*(dy) (5.7)

Here, it is crucial that we have fixed the time T". The result says that, when considering the
total claim amount during [0, 7], we can equivalently view claims as taken from the same

distribution G*. More precisely, G* is a mixture of the distributions {G§|9 € [0,T]} with a

Q
mixing distribution, which has density h(0) = %—9 on [0,7]. The proof consists in deriving
T
a similar characterization of the distribution of the jump part under ) and then using the
closedness of the convex order under mixtures.

We now turn to the distribution of the jump part under (). Since the expected values of
the jump parts under the two measures might differ, see Condition 1, we first decompose
the Q-jump part into two (inhomogeneous) Poisson random measures. Let

)\tQ M(fy,t
Q

Ky

)

X, = and Y = \¥ — N

First part of Condition 1 of the theorem ensures that A} < )\tQ , such that A} > 0, and second

part shows that A, < A?. Let v/ and 7 be independent random Poisson measures with
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compensators v/ (dt, dy) = MG (dy)dt and V"(dt,dy) = N/G?(dy)dt, respectively. Then it
follows that under Q:

T Q\ D T / / T " "
/ / y('y—l/)z/ / y('y—V)Jr/ / y(y" = v").
0 J(0,00) 0 J(0,00) 0 J(0,00)

Here, the compensated jump parts have mean zero. In particular, Jensen’s inequality
implies that the last term is larger in the convex order than 0 (its mean); consequently, this
term can be ignored. We will derive an ordering result for the first jump part and (5.6).
Since by construction,

//0 dtdy)—)‘z/th—)‘tMlt—/ /0) (dtvdy)v

for all ¢, we can focus on the jumps only.
Next, we identify v/ with another random Poisson measure v with compensator
!/

~ )\/ )\ ~
V" (dt, dy) = A9dt (—(%G?(dy) + (1 - —é) eo(dy)) = A\dtG (dy).
)‘t )‘t

Thus, we can increase the intensity of claims from A} to )\tQ and replace the distribution GtQ

by a mixture of this distribution and the Dirac measure at 0. This change does not affect
the distribution of the total claim amount, so that we get

o
/ / ' (dt, dy) = / / 7" (dt, dy) ZYZ-’, (5.8)
0,00) 0,00) i—1

where the last term is a standard compound Poisson variable with parameters Ar and

Jo AL GY (dy)dt

G*(dy) =
JE AL at

The second equality in distribution in (5.8) is again a consequence of Norberg (1993, Corol-
lary 1). Condition 2 of the theorem again ensures that we can apply the sufficient condition

for the cut criterion on the distribution functions G? and G}’ for each t. To see this, note

that the difference between the densities for G and G¥ with respect to the convolution of
G and the Dirac measure at 0 is

" Q )\ )\t )\t
') =W = F1al +¢%<>>—E<1+¢t<>>
- )\Q:\ﬁ ()‘t Mlt(l + 67 (y) — AP :U'lt(l + qﬁ?(y))) ,
t Nt Mt

for y € (0,00), where we have used the definition of A} in the second equality. Similarly,

~ Q

A 15
g/'(0) = g7 (0) =1- "L =15,
A Mg
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The second condition in the theorem now implies that there exist 0 < y} < y? < oo, such
that

sign(g;” (y) — 9P () =< —. € uhvd),

The cut criterion now gives that Gf =< G’ for each t, and the closedness of the convex
order under mixtures implies that G* <. G*. Finally, the result in the theorem follows by
using that the convex order is closed under convolution and random summation. O

Note

An updated version of this paper will be available from my homepage at the University of
Copenhagen, www.math.ku.dk/ tmoller.
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