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ABSTRACT

In motor insurance, portfolios are commonly ratethlon the base of observed variables and
on the base of a bonus-malus system (BMS). Therabdevariables are callea priori
variables while a bonus-malus system is the waanaf posterioriclassification. In the paper
the impact of thea priori classification on an expected premium in BMS isreied.
We introduced two different approaches to the cl&@guency modeling in the portfolio:
the individual approach and the synthetic appro#cihihe individual approach thee priori
classification is taken into consideration, for gymthetic approach — it is not. It means that
in the individual approach the hierarchic structofethe mixed distribution is regarded,
whereas the synthetic approach takes only the geevhithe mixed distributions far priori
sub-portfolios. The paper shows problems whicheanken two classifications are analyzed
together, in comparison with the situation wherere¢hare treated separately. The effect
of the analysis is the classification of approachesed on the level of the portfolios’
expected premium.
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1. INTRODUCTION

In motor insurance portfolios are commonly ratedtus based of observed variables, which
values can be determined before the policyholdatssto drive (e.g. sex, type of the car).
Policies are partitioned into sub-portfolios with policyholders belonging to the same
sub-portfolio paying the same base premium. Thastiaation variables introduced to
partition risks are called priori variables. Despite of the use of manpriori variables very
heterogeneous behavior can still be observed in salo-portfolio. Hence in motor insurance
the bonus-malus system (BMS) is applied, in whiad premium depends on the past claim
behavior of a policyholder. The posterioriratemaking is a way of classifying policyholders
according to their risk. For a thorough presentatd the techniques related to BMS see
Lamaire (1995).

In the literature BMS is commonly treated as thl omeans by which premiums are
differentiated, so all contracts are subject tosamme base premium. Taylor (1997) presented
different approach, very closed to the practicehis paper he addressed the problem of
determination of the relative premiums attachedaoh of the levels of the BMS scale when
thea priori classification is used by the company.

In our paper the impact of tleepriori classification on the expected premium in BMS
for sub-portfolios and the portfolio is examinede\Wtroduced two different approaches to
the claim frequency modeling in the portfolio: thelividual approach and the synthetic
approach. In the individual approach theriori classification is taken into consideration, for
the synthetic approach only tfee posteriori classification is analyzed. The paper shows
problems arise when two classifications are andlytmegether, in comparison with the
situation where there are treated separately.

The paper is organized as follows. In section 2,bwefly present the modeling for
claim frequency in the non-homogenous portfolio,evehtwo approaches are considered:
individual and synthetic. Section 3 presents thepeeted premium properties in
sub-portfolios and in the portfolio. Section 4 isvdted to a numerical example, which
illustrates the proven theorems. Section 5 provadese final conclusions.

2. CLAIM FREQENCY MODELLING IN THE HETEROGENOUS PORFOILO:
INDIVIDUAL AND SYNTHETIC APPROACH

A quintessence of the claim frequency modeling he teterogeneous portfolio is the
allowances for tha priori classificationand deriving from that different characteristictio¢
risk in each sub-portfolio. In practice very oftene distribution is estimated for the whole
portfolio. Taking above into consideration, twofdrent approaches to the claim frequency
modeling in the portfolio are introduced: the indival approach and the synthetic approach.
Let © be the random variable describiagpriori variables in the portfolio and let
Ho(8) be the distribution for the random variale The sub-portfolio appointed by the

featured is called sub-portfolid.
Let N represents the annual number of claims incurredpblcyholder. The

probability that the policyholder from sub-portml hask claims in one year is given by
P(N=Kk|©=6)=]p,(A)F,(1]1©=86) , (2.1)
0

where p, (4) = P(N =k |A = A )is the probability that a driver with claim frequogy A hask
claims in one year, the distributidf, (1 | © = ) describes claim frequency volatility in sub-

portfolio 8 Then the probability that the policyholder frohetportfolio hask claims in one
year is given by



PN =K)= [ ([ p(A)dF\(A1©=6)) dHo (6). (22)
600 0
Formula (2.2) presents the number of claims digtidm in the portfolio, where
sub-portfolios’ characteristics are considered. phesented approach takes into account the
differences betweea priori sub-portfolios. The approach in which the difféaranmber of
claims distribution for each sub-portfolio is cafesied is called the individual.
The probability that the policyholder from the golib hask claims in one year can
be also written as:

P(N =k) = £ p. (1) dG(A) . (2.3)

The distributionG(A) describes the claims frequency volatility in thieole portfolio.

The approach in witch the number of claims distidouis calculated for the whole portfolio
is called the synthetic.

The most important difference between those twoaamhes is that in the individual
approach we have to know distributioRg (A |© =68) and H, (@ ), whereas in the synthetic

approach only functioits(A) has to be known.

3. THE EXPECTED PREMIUM IN THE BONUS-MALUS SYSTEM

Let's start with the short description of BMS. ABMS formally we need the following
ingredients:
* sclasses numbered Hy...,s; the annual premium depends on the number of cheak
class;
* apremium scal® =(b,,...,b, ,)where we assumdg <b, <...<b_;
 transition rules which say how to transfer from ctess to another is determined once the
number of claims is known; on&eclaims are reported, let
() = {1 if the policy gets transferred from clag® clasg,
1

0 otherwise;

* aninitial class, for a new policyholder entering the system.
The transition probability, that the policy passiedm classi to classj for the

policyholder with claim frequency is given by

p, (4) = X p (A" (3.1)
Under the assumption that claim frequency of acybblder is stationary in time, a finite
homogeneous Marcov chain with the state sp&e{lz,...,s} and transition matrix
M (1) =|p, ()] is a model of BMS (see Lemaire, 1995).

Let P, (A1) be the expected premium in BMS in the yeata, for the policyholder

with the claim frequencyl >0. The expected premium in the yaalla¢, can be written as:

P(A)=d,M"(A)b" for nOa,, (3.2)

1 i=i
whered, =(d,,,...,d,, )andd, :{0 - i° :

0



3.1.Theexpected premium for sub-portfolios

In this section we assume that the annual numbelaohs for the policyholder form the sub-
portfolio 801@ conforms to the Poisson distribution or any otineéted Poisson distribution.

The Poisson distribution is chosen to analyze tbmdgenous sub-portfolio, the mixed
Poisson distribution — to analyze the heterogensabsportfolio.

« Let P, be the expected premium in the ye®ra, for the policyholder in the sub-

()

portfolio 8. The premiun®,’ is given by the formula

P” =E.(P,(1)]6) = [P,(A)dF, (Ae=9). (3.3)
0
* Let S (8) be the base premium in the ye®la;, for the sub-portfoliod and letS,” be

the expected premium in monetary units for thegybiblder in the sub-portfoli@ in the
yearnJa(,. The premiumS “ is given by the formula

S“=s@P". (3.4)
In particular, for the homogenous sub-portfolb the annual number of claims in the
0 A</,
sub-portfolio conforms to Poisson distribution. Mhé&, (A |G):¢9):{1 p >/T9’ where
=770

A, is the average claim frequency in the sub-pouféli

Let ,...P.” be the expected premium for the homogenous suepior & in the
yearnUa(,. Then
wesP? = [P.(A)F, (A|©=6) =P,(1,) for nOag,. (3.5)
0

Let's consider the situation, where the annual nemddf claims in a sub-portfolio
conforms to a discrete distribution. L&t , A,,,...,A,, Py» Py ---» P, b€ the parameters of

the distribution, whered,, <A, <...< A, and i p, =1. The discrete distribution is very

61 — 772 —
often used in practice to describe number of clgaeess in the non-homogenous portfolio
(see Walhin, Paris, 1999).

Then let P’ be the expected premium for the sub-portfdidn the yearnOa,
where the annual number of claims conforms to therete distribution. Then

PO = i p,P.(,) for nOx,. (3.6)

Further in the section we show, that the consequewic taking the sub-portfolio as

homogenous, when it should be considered as heteeogs, is the possibility of

underestimating the premium. The purpose of theare$ is the expression of conditions for
which following inequalities are realized:

P> P”> P, (3.7)

Poiss” n

Theorem 3.1. If the expected premiunP, (A )n BMS for the given yeamUa(, is the
convex function forA [J (0,+) , then

) )
P =P

~ Poiss

P =P(E.(A16) and P =E.(P(1)|6), for any

Poiss " n

distribution F, (A | © = 8) describing claim frequency volatility in sub-paitb &

Proof: Let's observe that



By the Jensen’s inequality for the convex functRyl) we haveP > P“. O
If the expected premiur®, (A1 i the concave function than the opposite inegulitrue.
Theorem 3.2. If the expected premiunP, (A4 )n BMS for the given yeanU«, is the
convex function forA0(e,,¢,), 0< & <€, <+, and for the parameterk,, A,,, ..., 4, of
the discrete distribution the following inequaligytrue &, <A,, <A,, <...< A, <¢&,, then

P ® > P CN 0
The proof of above theorem is based on the Jenseysiality.

The theorem 3.2 shows that, if parametéys A,,, ..., A, of the discrete distribution
belong to the interval wher® (4 s the convex function, then the expected premium
calculated under the assumption that sub-portfislidomogenous, is underestimated. The
opposite inequality is true when parameters ofdiserete distribution belong to the interval
where P, (A ) is the concave function.

In the next theorem two different distributions ct#sing heterogeneity in the
sub-portfolio are considered: the continuous distron F and the discrete distribution with
parameters A,,, A,,,.--vAus  Poys Pops---» Po- LEU'S assume that between distributions

g1 77627

foIIowing relations are valid: for giveA< A, <...< A}, <t let

6(k-1)

= dF(/1) 0, = [dF(}) fori=23...k-1, p, =1-5'p, and
a & £ Mg

o(i-1)

Do = FAAF(A), A, = TAAF(A) for i = 23....k-1, A, =— [AdF(4).

61 0 a /]!'9(‘*1) & /]zva(kfl)
Then the following theorem is true.
Theorem 3.3. If the expected premiunP,(4 )n BMS for the given yeanUx(, is the

convex function forA [J (0,+) , then
P (9) P (9)
Proof: For the sub- portfolch we have

P =E.(R(1)]6) = IP(A)dF(/])+Z TR.(AAF)+ TR ()AF(D).

9( -1) /]H(k -1)

Based on the Jensen’s inequality we have
Ay i dF (1)
.([Pn(/])dF(/]) - pelg Pn(A) 2 pglpn (/]91)
and
. ¢ dF(A
IR dF() = p, | P, I

Ap(i-1) Ap(i-) a
" " dF(A
A'an()l)dF()l) = p%’j P (1) “) > p,P.(1,).

6(k-1) 6(k-1) &

By the Jensen’s inequality for the convex functio® (A1) the inequality

g1

> p,P(4,) fori=23...,k-1,

E.(P,(1)]6)= i p,P.(4,) is valid. ThenP,”>_ P as claimed. O

Theorems 3.1-3.3 describe the situation where tmection P,(A) is convex

(concave) for the whole interval of. In practice the shape of the premium dependsien t
BMS constructions, usually it changes every yeae llowing theorem considers situation
which is very common for the BMS described in thenerical example (see section 4).



Lemma 3.1. Let ¢(A) for A >0 be a non-linear function, continuous, with pogtwalues,
convex for A0 (0,&) and concave forl [I{&,L). Additionally, let A, and A, be the given
numbers so, that, [0 (0,&), A, U(&,L) and A, # A,. Then only one from the following three
relations betweerpg(4,) + 1— p)@(A,) and@(pA, + @ p)A,), where pO (01), is true:

(A) O p*g(h)+A-p)p(A,) =g(p* A+ A- p)A,)

Zﬂgihen
O pp(A) + A= PIPA,) > $(PA + (L PA,),
pm(gp*) Po(A) + 1-p)p(4;) <d(pA+ (@A~ p)A,),
B) O ppA)+ A= pP(L,) > 4(pA + A= P)A,),
(€) pm%l) po(A) + A- P)d(Az) <@p(pA + (1- p)Ay). O

Because of the complication of the calculationg theorem 3.4 is devoted only to the
situation, where the annual number of claims caonfto the discrete distribution with

parametersi, , A,,, Py, Po, =1 P, -

Theorem 3.4. Let P,(4) be the convex function fod J(0,&) and concave function for
AU(&, L), whereO<e<L, and for parameterd, , A,, of the discrete distribution in the
sub-portfolio @ following relation is true0< A, << /A,, <L. The necessary and sufficient
condition for the inequality to be true

D I:>n(‘9) ZPoissPn(g) (38)
is the existence of the solutign= p,* I (0, pg,) of the equation
PR, (Ag1) + A= P)R,(Ag2) = By (PAg + L= P)Ag,) (3.9)

or, when the equation (3.9) has no solution, tbatelvery numberp (0,1) the following
inequality is valid

IOFL(/'al) + (1_ p) Pn (/]62) > Pn(p/]é’l + (1_ p)/]az)-
Proof: Based on the lemma 3.1 for the functi®n(A only one from the following three

conditions is true:
(A) N IOPn (/151) + (1_ p) Pn (/152) = Pn(p/]el + (1_ p)/]ez) 1

pO(O)
(B) pl]%,l) an(/'el) + (1_ p) Pn (/]62) > Pn(p/‘m + (1_ p)/‘HZ) !
(®) DD%J) PR, (Ag1) + 1= P)R,(Ag,) < B, (PAgy + (1= P)Apy) -

If (A) is true, so when the equation (3.9) has sbtution p (0,1) , then the following two
situations are possible:
* pUO@ p,y) and then based on the lemma 3.1 the following uabty is valid

pelpn (/]6’1) + (1_ pel)Pn (/]62) > Pn(pel/]el + (1_ pel)/]ez) )
and then ten inequality (3.8) is true.
* pU(pgyd) and then based on the lemma 3.1 the following uabkty is valid
pelpn (/]6’1) + (1_ pel)Pn (/]62) < Pn(pel/]el + (1_ le)/]HZ) )
and then ten inequality (3.8) is not true.

In the situation that equation (3.9) has no sofutiothe interval (0,1), then only one from the
conditions (B) or (C) is valid. For the conditidd)(the following inequality is true

PorP (A1) + A= Pgr) Py (Ag2) > B (Pgudsy + 0= Pg1)Ag2) »



and then the inequality (3.8) is valid. For thedition (C) the following inequality is true
palpn (/161) + (1_ le) Pn (/]6’2) < Pn ( le/]Hl + (1_ pel)/]ez) )
and then the inequality (3.8) is not valid. 0

3.2.The expected premium for the portfolio

For the analyze of the expected premium’s properiethe portfolio we introduced the
following notation.

« Let | S, be the expected premium in the monetary unitshen dortfolio for the year
nOa, for the individual approach. The premiyr, can be written as

S, = Sn(é?)(oj° P (1)dF,(1|©=8))dH (8) = S (8P dH,(8) . (3.10)

For the synthetic approach tlee priori classification is not taken into account.
Following that we assume that all policyholderssrbject to the same base premium.

* Let S be the base premium in the yeafla;; in the portfolio for the synthetic
approach, and letS, be the expected premium in the monetary unitaénportfolio for
the yearnUa¢, for the synthetic approach. The premiu, can be written as

.S, =S, [ P,(A)dG(A) . (3.11)

Let’s consider the portfolio divided intesub-portfolios, wheré > 2, according to the
a priori classification. That portfolio is later called Dstfolio. Let A be the average claim
frequency in the portfolio. For ead1{12,...1} let A, be the average claim frequency in
sub-portfoliod. Additionally, let p, be the share of the sub-portfofian the whole portfolio,
then

' — _
he(6) = pg, Wherep,> Q > p, =1,for 60{12...,I} andA = p,A,.
6=1 o=t

For each sub-portfolio claim frequency distribusareF, (1|© =6) for 60{12,...,1}.

The following theorems have very important meanfog practice, because every real
portfolio divided into sub-portfolios according #o priori variables can be considered as
D-portfolio.
Theorem 3.5. If the portfolio is the D-portfolio, then:
1. for the synthetic approach the expected premiurthénportfolio for the yeanUa,
can be written as:

| —
SSn zsnépepn(As); (312)

2. for the individual approach to the homogenous sotfgios the expected premium in
the portfolio for the yeanU«¢, can be written as:

| ,Poiss Sn = gzl:‘i pe Sn (9) Poiss I:)n(‘g) ’ (3 13)

3. for the individual approach to the heterogeisesub-portfolios the expected premium in
the portfolio for the yeanU«¢, can be written as:

'S, =¥p,S,(6)P,” . (3.14)
6=1



An object of the analysis is the thesis, that tbesequence of the usage of the
synthetic approaches instead the individual appra@ac homogeneous or heterogeneous
sub-portfolios, is the possibility of underestimagtithe expected premium. In the formal
sense the main purpose is to express the conditindsr which following inequalities are
realized:

S 2 ..52S.

I =~n="1,Poiss—n=—S ~n
Theorem 3.6. In the given yearna, for the expected premium in the D-portfolio the
sufficient condition for the following inequality tbe valid

S>..S
| n I,Poiss —n
is, that for each sub-portfoli@ (1 {1,2...,1} in the yean the following inequality is true
P (6) > P (6) 0
n ~—Poiss" n *

Theorem 3.7. If for D-portfolio in the given yeamUa(, the expected premiur®, (4 i
a non-decreasing function of, and base premiums follow the relatioSs =y A and
S,(0) = yn/Tg for 60{12...,1}, y(n) =1, then the following inequality is valid

I,PoissSnZSSn "
Proof: In D-portfolio the following relation is true
—_— I —_—
VIEDIN
6=1

From the formula (3.13) we have
| — —
I,PoissSn = y"Z‘l pGAH I:)n (/]6) 1
And from the formula (3.12), we have
— | —_
SSn = ynAHX:;lpHPn(AH) .
Let's observe that
| _ | _ | — —  —
2 pe(/‘ —/'e)=2 PeA =2 Pehg =4 =4 =0.
6=1 6-1 6=1
The expected premiuR) (A i% a non-decreasing function df>0, so following conditions

are true:
« 0O[A,-1<0=P,(1,)<P,(1)] and

noay

« O[A,-120=P,,)2P,)].

noay
Based on the above we have

I,PoissSn_SSn = yneilzllpspn (/Ta)(/TH _/T) =
=y ZRIR.G -+ L PP, -7 =

2y 2 ROP.G, -1+ 2 RIRG, 1) | =15 P, -7 =0

Ag<A
so
S,2.S,, as claimed. 0

I,Poiss~n=S§S
Corollary 3.1. If assumptions of the theorem 3.6 and the theoB¥ are valid, then
following inequalities are true
S=.,.S=>S. (3.15)

| n = 1I,Poiss~n—S>n



4. NUMERICAL EXAMPLE

In order to illustrate the application of the proviheorems, we analyze the BMS currently
applied in motor third-party liability insurance IBZU SA, the Polish insurance company.
The PZU BMS consists of 13 classes. New policyhoktders the system in class 5. The
specific premium level for each class as well asdition rules are provided in Table 1.

Table 1. BMS of PZU SA
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For the PZU BMS the numerical calculations weredumted in order to present
intervals where the expected premil®n(A is)the convex function and intervals where it is

the concave function fod O (01) .

Table 2. Convex intervals and concave intervaldtierexpected premium in PZU BM&, (1) forn=1,2,...,10

The expected

Convex intervals

Concave intervalg

premium
R(A) (0,0.43) (0.43,1)
P(4) (0,0.27) (0.27,1)
P;(4) (0,0.36) (0.36;1)




P,(A) (0,0.30) (0.30;1)
R(A) (0,0.27) (0.27,1)
Rs(4) (0.13,0.21) (0,0.13) and (0.21,1)
P, (4) (0.01,0.28) (0,0.01) and (0.28,1)
R(1) (0.01,0.26) (0,0.01) and (0.26,1)
R(4) (0,0.25) (0.25;1)
Ro(A) (0,0.28) (0.28:1)

For the chosen PZU’s sub-portfolios we calculatesl expected premium for years
n=12,...10. The values of parameters for the number of cladiséribution for each

sub-portfolio were taken on the bases of the PZiéhwgirical data. Table 3 presents the
values of the expected premiug. P,"”, P in sub-portfolios A and B. In case where the

P is not true, the values are marked by cursive.

Poiss” n

inequality , P, >

Table 3. The expected premium in sub-portfoliosnd B

Sub-portfolio A Sub-portfolio B
Period
PoissF)n D Pn PoissF)n D Pn
n=1 92,4454 | 92,5773 | 91,9469 | 92,0500
n=2 84,3525 | 84,4497 | 83,4553 | 83,5964
n=3 83,9442 | 84,6166 | 83,0993 | 83,6839
n=4 75,2425 | 75,8472 | 74,1200 | 74,7502
n=5 66,5240 | 66,9129 | 65,1299 | 65,6959
n=6 60,2306 | 58,9217 | 58,2420 | 57,5335
n=7 58,4212 | 58,3246 | 56,7068 | 56,9800
n=8 49,7154 | 49,2730 | 47,7285 | 47,8369
n=9 47,5047 | 48,2267 | 45,7245 | 46,8580
n=10 47,3475 | 48,3533 | 45,6809 | 46,9910

When we compare the results shown in table 3 witérvals in which the expected
premium of the PZU BMS is convex (table 2), themah be easily seen, that in all cases

where the functiorP, (A )s convex in the right-side neighborhood of zes®,” is greater
P

Poiss’ n

As the example of the D-portfolio we considered #ub-portfolio, which groups
policyholders from sub-portfolio A and sub-portIB. As the result we get portfolio, later
called portfolio AB. The values of parameters foe number of claims distribution for the

portfolio AB were taken based on the distributiestimated for each sub-portfolio A and B.

We assume that for base premiums following relatiare true:S, =y, A and S, (6) =y, A,,
and for the simplicity we takgz, = .IT'able 4 presents the amounts of the expectedipnem
for the portfolio AB (S, | ....S,, |S, for n=12,... 10. In case where the inequality (3.15)

is not true, the values are marked by cursive.

than

10



Table 4. The expected premium in portfolio AB

Portfolio AB
Period .S, S, S
n=1 4,6767 4,6778 4,6835
n=2 4,2503 4,2523 4,2588
n=3 4,2316 4,2334 4,2644
n=4 3,7789 3,7814 3,8130
n=5 3,3256 3,3287 3,3549
n=6 2,9831 2,9875 2,9428
n=7 2,9017 2,9055 2,9140
n=8 2,4491 2,4535 2,4509
n=9 2,3447 2,3487 2,4002
n=10 2,3411 2,3448 2,4069

When we compare the above results with intervalshich the expected premium of
the PZU BMS is convex (table 2), then it can bellgaseen, that in all cases where the

function P,(A) is convex in the right-side neighborhood of zdte inequality (3.15) is

valid. The inequality (3.15) is not true for theaye 6 and 8, because for these years
assumptions of the theorem 3.6 are not valid.

For the insurance company a consequence of thes ugatpe synthetic approach or
the individual approach to the homogenous portfidithe possibility of underestimating the
premium in comparison with the individual approdaohheterogeneous sub-portfolios. The
greatest mistake we receive for synthetic modekrein thea priori classification is not
taken into account. Besides, the individual appnogc heterogeneous sub-portfolio is the
closest to the portfolio characteristics, one ougtiind it most adequate.

5. CONCLUSIONS

Received dependences indicate the possibility efcitimmission of errors in the premium
valuation for the whole portfolio, if unsuitablesasnptions are taken. A result of the research
show how important is to regard risk heterogenaitysub-portfolios. Additionally, in the
portfolio rated on the based @ priori variables, policyholders classified to different
sub-portfolios, pay the base premium in differepight, depending on the sub-portfolio
characteristics. Only the individual approach taehsgeneous sub-portfolios satisfies
postulates of the correct premium calculation.hiis approach different level of tteepriori
premium and different risk characteristic in eash-portfolio are considered. For a premium
calculation it is necessary to regards both, @heriori classification and the different
characteristics of the risk in sub-portfolios.

In practice these results can be applied to assegadtential risk connected with
simplified approach. This is particularly importaot insurance companies due to the fact
that it allows adjusting the bonus-malus systenstroction to the portfolio characteristics as
well as to project future cash flow.

11
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