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Intr oduction g

� Assume the loss incurred by an insurer is denoted by a random
variable X , de�ned on a probability space (
 ; F ; P)

� To protect the insured, the regulators demand that the insurer
holds “enough” money to be able to pay the policyholders with a
“high” probability

� We call this amount the Required Solvency Level (RSL)

� RSL consists of:

� Premium: paid by policyholders

� Capital: provided by shareholders
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Measures to Calculate the RSL g

� Value-at-Risk (Quantile):

VaRp [X ] = inf f x 2 RjFX (x) � pg; 0 < p < 1;

where FX (x) = P[X � x] is the cumulative density function of X .

� Most widely used risk measure, very popular in banking

� There is only a chance of 1 � p to have larger losses

� Risk Measures: � : � ! R [ f1g : where � is a non-empty set of
F -measurable random variables
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Proper ties of Risk Measures g

� Translation Invariance: 8X 2 � ; 8b 2 R : � [X + b] = � [X ] + b

� Homogeneity: 8X 2 � ; 8a 2 R+
0 : � [aX ] = a� [X ]

� Monotonicity: 8X 1; X 2 2 � with P[X 1 � X 2] = 1 : � [X 1] � � [X 2]

� Sub-additivity: 8X 1; X 2 2 � : � [X 1 + X 2] � � [X 1] + � [X 2]

� A risk measure which satis�es each of these four properties is
called coherent in the sense of Artzner et al. (1999)

� It is well-known that the VaR is not sub-additive
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Some Popular Risk Measures g

TVaRp[X ] =
1

1 � p

Z 1

p
VaRq[X ]dq; 0 < p < 1

CTEp[X ] = E[X jX > VaRp[X ]]; 0 < p < 1

� TVaR at level p = average of all quantiles above p

� TVaR is the most popular coherent risk measure in practice

� CTE is not a coherent risk measure

� For continuous random variables, TVaRp[X ] = CTEp[X ] for all
p 2]0; 1[
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Residual Risk g

� The regulator wants to minimize the residual risk:
RRX = max(0; X � � [X ]) = (X � � [X ])+

� For a merger, the following inequality holds with probability one:

(X 1 + X 2 � � [X 1] � � [X 2])+ � (X 1 � � [X 1])+ + (X 2 � � [X 2])+ (1)

) To avoid shortfall: aggregation of risk is to be preferred

� However, investors will be attracted by a stand-alone situation
because the following inequality holds with probability one:

(� [X 1] + � [X 2] � X 1 � X 2)+ � (� [X 1] � X 1)+ + (� [X 2] � X 2)+ (2)

due to �re-w alls between risks X 1 and X 2.
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Towards a Compr omise between

Regulator s and Shareholder s g

� Investors may have incentives to invest in a merger once � is
subadditive: i.e.

8X 1; X 2 2 � : � [X 1 + X 2] � � [X 1] + � [X 2]

� However, for such a risk measure, we do not necessarily have:

(X 1 + X 2 � � [X 1 + X 2])+ � (X 1 � � [X 1])+ + (X 2 � � [X 2])+ (3)

for all outcomes of X 1 and X 2

� Condition (3) limits the range of risk measures considerably:
If for (X 1; X 2), we have P[X 1 > � [X 1]; X 2 > � [X 2]] > 0 and that
equation (3) is satis�ed for all outcomes of X 1 and X 2, then we
need to have that � [X 1 + X 2] � � [X 1] + � [X 2]
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Towards a Compr omise between

Regulator s and Shareholder s g

� Dhaene et al. (2006) analyzed the possibility of weakening
condition (3) to:

E(X 1 + X 2 � � [X 1 + X 2])+ � E(X 1 � � [X 1])+ + E(X 2 � � [X 2])+ (4)

� They showed that:

� All translation invariant and positively homogeneous risk
measures satisfy condition (4) for every bivariate elliptical
distribution

� Condition (4) does not always hold in general for the TVaR
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Purpose of the Presentation g

� Provide measures which are useful to analyze the residual risk

� Characterize different aspects of diversi�cation bene�t

� Show that the TVaR can provide a framework for compromise
between the expectations of the investors and the regulator under
a wide range of dependence structures and margins

� Analyze the behavior of different copulas with respect to the
diversi�cation bene�t
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Possib le Risk Measures of

Residual Risk g

� Let X =
P K

i =1 X i

� We compare several risk measures  of the residual risk (RR) for
the merger X and the sum of the stand-alones X 1;K :

�  [RRX ] =  [(X � � [X ])+ ] and

�  [RRX 1; K ] =  [
P K

i =1 (X i � � [X i ])+ ]

� Possible risk measures for  :

� Moments (mean, variance, skewness, kurtosis)

� Probability that the residual risk is larger than zero
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Example: 2 Identical and

Independent Exponential Risks g

� Let X i
i.i.d.� Expo(� ), where � = 1=50 for i 2 f 1; 2g.

) TVaR0:95[X i ] = 200and TVaR0:95[X ] = 296
) TVaR0:99[X i ] = 280and TVaR0:99[X ] = 388

� Then we have:

Risk Measure
T V aR0:95 T V aR0:99

X 1;2 X 1 + X 2 X 1;2 X 1 + X 2

E[RR] 1.839 1.065 0.368 0.206

� [RR] 13.450 10.902 6.060 4.765


 [RR] 11.011 15.156 24.708 34.335

� [RR] 260.252 306.018 815.487 1563.420

P[RR > 0] 3.6% 1.9% 0.7% 0.4%
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Example: 5 or 10 Identical and

Independent Exponential Risks g

Risk Measure
T V aR0:99 T V aR0:99

X 1;5 X =
P 5

i =1 X i X 1;10 X =
P 10

i =1 X i

E[RR] 0.920 0.252 1.839 0.305

� [RR] 9.581 5.758 13.550 6.913


 [RR] 15.627 33.550 11.050 33.013

� [RR] 326.195 1478.030 163.097 1420.910

P[RR > 0] 1.8% 0.4% 3.6% 0.4%

� Mean and volatility of the residual risk of separate subsidiaries increases
substantially more than for the conglomerate

� Default probability of the separate subsidiaries increases with their number

� Skewness and Kurtosis of residual risk of the merger are larger due to lower
default probability
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Copulas g

� A d-dimensional copula C(u1; : : : ; ud) is a the joint distribution
function of a random vector on the unit cube [0; 1]d

� Theorem 1 (Sklar' s Theorem in d-dimensions) Let F be a
d-dimensional distribution function with marginal distribution
functions F1,. . . ,Fd. Then there is a d-dimensional copula C such
that for all x 2 Rd:

F (x1; : : : ; xd) = C(F1(x1); : : : ; Fd(xd)) : (5)

If F1,. . . ,Fd are all continuous, then C is unique. Conversely, if C
is a d-dimensional copula, and F1,. . . ,Fd are distribution functions,
then F de�ned by (5) is a d-dimensional distribution with margins
F1,. . . ,Fd.
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Examples of Copulas g

� Every d-dimensional copula C satis�es for all (u1; : : : ; ud) 2 [0; 1]d:

max

(

0;
dX

i =1

ui � (n � 1)

)

� C(u1; : : : ; ud ) � min f u1; : : : ; ud g; : (6)

� The right-hand side of (6) is called the comonotonic copula CU

� For d � 3, the left-hand side of (6) is not a copula.
For d = 2, this is called the countermonotonic copula CL .

� Independence copula : CI (u1; : : : ; ud ) = � d
i =1 ui ; (u1; : : : ; ud ) 2 [0; 1]d

S. Desmedt and J.F. Walhin, 37th International ASTIN Colloquium, Orlando, June 20th 2007 – p.18/45



Copulas Implicit to

Multiv ariate Distrib utions g

� Normal Copula:

� Let � be a positive-de�nite correlation matrix
� The d-dimensional normal copula with correlation matrix � is

de�ned as:

C� (u1; : : : ; ud ) = � � (� � 1 (u1); : : : ; � � 1 (ud )) ; for all (u1; : : : ; ud ) 2 [0; 1]d

� Student Copula:

� Let � be a positive-de�nite correlation matrix
� The d-dimensional Student copula with correlation matrix �

and m degrees of freedom (m > 0) is de�ned as:

Cm; � (u1; : : : ; ud ) = tm; � (t � 1
m (u1); : : : ; t � 1

m (ud )) ; for all (u1; : : : ; ud ) 2 [0; 1]d :
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Archimedean Copulas g

� Clayton' s copula (� > 0):

CC ;� (u1; : : : ; ud ) = (u� �
1 + : : : + u� �

d � d + 1)� 1=�

� Frank copula (� > 0 if d > 2 and � 2 R0 if d = 2):

CF ;� (u1; : : : ; ud ) = �
1

�
ln

 

1 +
� d

i =1 (exp(� �u i ) � 1)

exp(� � ) � 1

!

� Gumbel-Hougaar d copula (� > 1):

CG;� (u1; : : : ; ud ) = exp(� (( � ln( u1)� + : : : + (� ln( ud )� )) 1=� )
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Surviv al Copulas g

� Surviv al copula of a copula C:

� De�ne
CS(u1; : : : ; ud) = P[U1 > u1; : : : ; Ud > ud]; (u1; : : : ; ud) 2 [0; 1]d

� Then the survival copula is de�ned and denoted as
C(u1; : : : ; ud) = CS(1 � u1; : : : ; 1 � ud); (u1; : : : ; ud) 2 [0; 1]d
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Measures of Dependence g

� Pearson's correlation:

� P (X 1; X 2) =
Cov[X 1; X 2]

p
Var [X 1]Var [X 2]

� Kendall's tau:

� � (X 1; X 2) = E[sign[(X 1 � Y1)( X 2 � Y2)]]

= P[(X 1 � Y1)( X 2 � Y2) > 0] � P[(X 1 � Y1)( X 2 � Y2) < 0]

� Tail dependence:

� U = lim
v ! 0

P[X 1 > F
� 1
1 (v)jX 2 > F

� 1
2 (v)]

� L = lim
v ! 0

P[X 1 � F � 1
1 (v)jX 2 � F � 1

2 (v)]
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Dependence Measures for

Some Copulas g

Copula � � � L � U

CI 0 0 0

CU 1 1 1

CL -1 0 0

C� 2 arcsin( � )=� 0 if � < 1 and 1 if � = 1

Cm;� 2 arcsin( � )=� 2tm +1

�
�

p
m + 1

q
1� �
1+ �

�

CC ;�
�

� +2 2� 1=� 0

CF ;� 1 � 4
� + 4

� 2

R�
0

t
et � 1 dt 0 0

CG;� 1 � 1
� 0 2 � 21=�

S. Desmedt and J.F. Walhin, 37th International ASTIN Colloquium, Orlando, June 20th 2007 – p.23/45



Measures of Dependence

Kendall tau of 0.5 g

� In order to have copulas which are comparable (in some way), we
will work with copulas which all have the same Kendall tau

� In the following �gures , we make 10.000 simulations for copulas
with a Kendall tau of 0.5

Copula � � � � L � U

C� 0.5 0.707 0 0

C4;� 0.5 0.707 0.397 0.397

CC ;� 0.5 2 0.707 0

CF ;� 0.5 5.736 0 0

CG;� 0.5 2 0 0.586
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Normal Copula g

� Copula: C0:707

� � � = 0:5 and � L = � U = 0
u

_
2

0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0

u _ 1
0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0

u
_

2

0 . 9 5 0

0 . 9 5 5

0 . 9 6 0

0 . 9 6 5

0 . 9 7 0

0 . 9 7 5

0 . 9 8 0

0 . 9 8 5

0 . 9 9 0

0 . 9 9 5

1 . 0 0 0

u _ 1

0 . 9 5 0 . 9 6 0 . 9 7 0 . 9 8 0 . 9 9 1 . 0 0
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Student Copula g

� Copula: C4; 0:707

� � � = 0:5 ) � L = � U = 0:397
u

_
2

0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0

u _ 1
0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0

u
_

2

0 . 9 5 0

0 . 9 5 5

0 . 9 6 0

0 . 9 6 5

0 . 9 7 0

0 . 9 7 5

0 . 9 8 0

0 . 9 8 5

0 . 9 9 0

0 . 9 9 5

1 . 0 0 0

u _ 1

0 . 9 5 0 . 9 6 0 . 9 7 0 . 9 8 0 . 9 9 1 . 0 0
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Clayton Copula g

� Copula: CC; 2

� � � = 0:5 ) � L = 0:707and � U = 0

u
_

2

0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0

u _ 1
0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0

u
_

2

0 . 0 0 0

0 . 0 0 5

0 . 0 1 0

0 . 0 1 5

0 . 0 2 0

0 . 0 2 5

0 . 0 3 0

0 . 0 3 5

0 . 0 4 0

0 . 0 4 5

0 . 0 5 0

u _ 1

0 . 0 0 0 . 0 1 0 . 0 2 0 . 0 3 0 . 0 4 0 . 0 5

u
_

2

0 . 9 5 0

0 . 9 5 5

0 . 9 6 0

0 . 9 6 5

0 . 9 7 0

0 . 9 7 5

0 . 9 8 0

0 . 9 8 5

0 . 9 9 0

0 . 9 9 5

1 . 0 0 0

u _ 1

0 . 9 5 0 . 9 6 0 . 9 7 0 . 9 8 0 . 9 9 1 . 0 0
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Frank Copula g

� Copula: CF ; 5:736

� � � = 0:5 and � L = � U = 0
u

_
2

0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0

u _ 1
0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0

u
_

2

0 . 9 5 0

0 . 9 5 5

0 . 9 6 0

0 . 9 6 5

0 . 9 7 0

0 . 9 7 5

0 . 9 8 0

0 . 9 8 5

0 . 9 9 0

0 . 9 9 5

1 . 0 0 0

u _ 1

0 . 9 5 0 . 9 6 0 . 9 7 0 . 9 8 0 . 9 9 1 . 0 0
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Gumbel-Hougaar d Copula g

� Copula: CG; 2

� � � = 0:5 ) � L = 0 and � U = 0:586
u

_
2

0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0

u _ 1
0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0

u
_

2

0 . 9 5 0

0 . 9 5 5

0 . 9 6 0

0 . 9 6 5

0 . 9 7 0

0 . 9 7 5

0 . 9 8 0

0 . 9 8 5

0 . 9 9 0

0 . 9 9 5

1 . 0 0 0

u _ 1

0 . 9 5 0 . 9 6 0 . 9 7 0 . 9 8 0 . 9 9 1 . 0 0
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Anal ysis of Residual Risk

when using TVaR g

� Marginal distributions (identical to have symmetry)

� Exponential (mean = standard deviation = 50)

� Lognormal:
� Mean = standard deviation = 50
� Mean = 50, coef�cient of variation of 0.25

� Copulas:

� Kendall's tau of 0.5

� Kendall's tau of 0.25

� Dimensions:

� 2D

� 5D
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2 Exponential Risks

Kendall tau of 0.5 g

� Let X i � Expo(� ), where � = 1=50 for i 2 f 1; 2g.

) E[X i ] = � [X i ] = 50

) TVaR0:95[X i ] = 200and TVaR0:99[X i ] = 280

� Comparison of residual risk for merger X and stand-alones X 1;2 :

� RRX = (X 1 + X 2 � � [X 1 + X 2])+

� RRX 1;2 = (X 1 � � [X 1])+ + (X 2 � � [X 2])+

where � = TVaR:95 and � = TVaR0:99.

� We use the following risk measures of the residual risk:

� Expectation E

� Volatility �

� Default probability P
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Co/Counter -monotonicity

and Independence g

Copula Variable E:95 � :95 E:99 � :99 P:95 P:99 � :95 � :99

RRX 1.83 18.9 0.37 8.60 1.8% 0.4% 399 562

CU RRX 1;2 1.83 18.9 0.37 8.60 1.8% 0.4% 399 562

Div Ben 0% 0% 0% 0% 0% 0% 0% 0%

RRX 0.91 9.5 0.19 4.43 1.8% 0.4% 235 315

CL RRX 1;2 1.84 13.4 0.37 6.20 3.7% 0.7% 400 560

Div Ben 51% 29% 49% 29% 50% 51% 41% 44%

RRX 1.06 10.8 0.21 4.80 1.9% 0.4% 296 389

CI RRX 1;2 1.83 13.4 0.38 6.07 3.7% 0.7% 400 560

Div Ben 42% 20% 43% 21% 49% 49% 26% 31%

� = TVaR
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Diver si�cation Bene�t g

� Comonotonicity ) no diversi�cation bene�t

� Maximum diversi�cation bene�t (countermonotonicity):

� on TVaR: 41% at 95%-level and 44% at 99%-level

� on default probability: 50%

� on average residual risk: 50%

� on standard deviation of residual risk: 29%

� Independence (compared to countermonotonicity):

� lower diversi�cation bene�t on TVaR

� little or no reduction of diversi�cation bene�t on default
probability and average residual risk
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Normal / Student Copula g

Copula Variable E:95 � :95 E:99 � :99 P:95 P:99 � :95 � :99

RRX 1.61 16.7 0.32 7.55 1.8% 0.4% 368 510

C0:707 RRX 1;2 1.84 15.8 0.37 6.93 3.1% 0.7% 399 562

Div Ben 13% -6% 13% -9% 41% 43% 8% 9%

RRX 1.73 18.1 0.36 8.31 1.8% 0.4% 373 526

C4; 0:707 RRX 1;2 1.83 16.9 0.37 7.55 2.9% 0.6% 399 561

Div Ben 6% -7% 3% -10% 36% 38% 7% 6%

� Tail dependence ) Lower DB for Student Copula

� Differences increase with probability level

� Negative DB on standard deviation of residual risk
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Archimedean Copulas

and Surviv al Clayton g

Copula Variable E:95 � :95 E:99 � :99 P:95 P:99 � :95 � :99

RRX 1.13 11.4 0.21 4.88 1.9% 0.4% 330 430

CC ; 2 RRX 1;2 1.83 13.5 0.37 6.08 3.6% 0.7% 399 562

Div Ben 38% 15% 42% 20% 49% 47% 17% 23%

RRX 1.83 19.0 0.37 8.44 1.8% 0.4% 390 553

CC ; 2 RRX 1;2 1.83 18.4 0.37 8.18 2.4% 0.5% 398 560

Div Ben 0% -3% 0% -3% 23% 23% 2% 1%

RRX 1.20 12.0 0.22 5.12 1.9% 0.4% 347 451

CF ; 5:736 RRX 1;2 1.84 13.7 0.37 6.16 3.5% 0.7% 399 560

Div Ben 35% 13% 40% 17% 46% 49% 13% 19%

RRX 1.81 19.0 0.37 8.78 1.8% 0.4% 385 544

CG; 2 RRX 1;2 1.83 18.0 0.38 8.30 2.6% 0.5% 400 560

Div Ben 1% -5% 1% -6% 30% 30% 4% 3%
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Diver si�cation Bene�t g

� Survival Clayton and Gumbel-Hougaard copula:
Clear in�uence of strong tail dependence

� Frank and Clayton copula:

� DB on TVaR is only 25% lower than for independent copula

� DB on measures of residual risk is only 10-20% lower than for
the independent copula

� Higher standard deviation of the residual risk of the merger
(except for Clayton and Frank)

� The default probability can be substantially decreased by merging
the risks, certainly if tail dependence is low
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2 Lognormal Risks g

� Let X i � LN (� = 3:565; � = 0:8326) for i 2 f 1; 2g.
Then E[X i ] = � [X i ] = 50.

� Kendall tau of 0.25:

Copula � � � � L � U

C� 0.25 0.383 0 0

C4;� 0.25 0.383 0.195 0.195

CC ;� 0.25 0.667 0.354 0

CF ;� 0.25 2.372 0 0

CG;� 0.25 1.333 0 0.318
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2 Lognormal Risks

Kendall tau of 0.25 g

� Lognormal distribution has larger tails than exponential:

) TVaR increases

) Default probabilities are slightly lower

� Minimum DB for survival Clayton copula:
+/- 9% on TVaR and average residual risk

� Student copula: DB now increases with probability level

� Survival Clayton, Student and Gumbel copula:
DB on residual risk nearly constant with probability level
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5-Dimensional Results g

� 5 Exponential risks with Kendall tau of 0.5:

� DB on the TVaR always larger than in 2D

� Default probability for the stand-alones is substantially larger
than in 2D (mainly in cases with weak (tail)-dependence)

� Larger DB for average residual risk

� Comparable conclusions as in 2D

� 5 Lognormal risks with Kendall tau of 0.25:
Comparable conclusions as for the comparison of the 2D and 5D
situation for exponential risks
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Outline g

� Introduction

� Residual Risk of Conglomerates and Stand-alones

� Copulas

� Analysis of Residual Risk when using TVaR

� Conc lusion
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Conc lusion g

� When merging risks, there can be a diversi�cation bene�t on:

� Required capital

� Residual risk

� Default probability

� TVaR is a basis for compromise between the interests of the
regulator and the investors

� When using the average residual risk or the default probability, the
TVaR is not too subadditive under a wide range of dependence
structures
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Conc lusion g

� The diversi�cation bene�t for different copulas with the same
Kendall tau can be very different

) Tails in general (and tail dependence in particular) are
important when looking at capital requirements

) If tail dependence is being neglected by using a simpli�ed
dependence assumption, the DB may be substantially
over-estimated

� Positive upper tail dependence and high Kendall's tau (0.5):
) DB decreases with increasing solvency level

� Kendall's tau of 0.25 and lower upper tail dependence:
) this is not necessarily true
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Example: an Empiric Copula g
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Conc lusion g

� Well-known copulas may be too restrictive for practical
applications

� A proper analysis of the link between the copula and the margins
is important to understand the entire dependence structure

� For calculating capital requirements, a proper understanding of
the behavior in the upper-tail is crucial
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