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ABSTRACT

One of basic assumptions of the known dynamic models of the risk theory [1.2] including a sequence of
actions during a fixed time intcrval which is a rcalization of a random process of occurrence of actions from
individual insurance contracts (when sevcral actions can be brought during the contract period, as, for instance,
in automobile insurance) is the same distribution and independence of time intervals between the moments the
actions are brought. In the paper the statistical method for estimating the degree of correctness of this
assumption by nsing the availablc empirical data is suggested. To illustrate the method, an example of its use

is given.
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1. THEORY

Let us consider how the relationship between trains of actions from two contracts can be
estimated. We assume that the investigator has simultaneous records of trains of actions
from each individual contract and from two contracts in combination.

Let us designate the first train of actions by X, and the second train by X,. We suppose that
X, and X, are renewal processes, which means that the following assumptions are made:

1) random values x,, x;, ... (intervals between actions) are independent;

2) integral functions of x, x5, ... are the same, i.e, P(x, “t) = F(t) fork=2,3,4, .

Note that it is not necessary that the integral function Ii(1) = Pfx; = 1) be equal to the
integral functions of the remaining intervals, i.e., (¢} # F(¢). Function F(1) = Pl - 1), k =
2.3, ... is referred to as the integral function of the renewal process. Let us suppose that the
integral function is differentiable and equals zero for negative values of the argument. The
derivative of the integral function of the renewal process is called the renewal process

density, 1.e., if p(t)=I"11), then p(t) is density. Note that

F(=] p(©)de, 1>0

Quantity u= j'lp(t)dt :.flp(l )dr is the average time between events (actions) of the renewal
[}

process.

To find the integral function of the first interval of a stationary ordinary renewal process, we
use Statement .

Statement 1. Let X be a stationary and ordinary renewal process, /(#) is its integral
function; /(1) is the integral function of the first interval, i.e., Fy(t) — P (x; -~ 1); and p is

the average time between events of the renewal process. Then

P fo-re)e
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Trains X and Y are referred to as independent if random values x;,x2, x5 ..., ¥), y2, Vi ... are
independent. Here, x,,x,, ... are lengths of intervals for train X and y,,y, ... are lengths of
intervals for train Y.

Let us consider two trains X and Y. We project the moments at which events of trains X and
Y happen onto one axis, as shown in Fig.1. The train Z corresponding to the obtained
sequence of actions will be referred to as superposition of trains X and Y.

Then Statement 2 is valid.

Statement 2. If X and Y are independent stationary ordinary renewal processes, their
superposition is also a stationary renewal process.

At last, Statement 3 is valid.
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Fig.1. Scheme showing formation of superposition of trains.
t;, t; — moments of occurrence of events (actions).
Statement 3. If X and Y are independent stationary ordinary renewal processes; /"' and
[\ are integral functions of the first time interval for trains X and Y, respectively; and

I@®F, is the integral function of the superposition of trains X and Y, we have

(Fx®F)O)=R" O+ FVO- V0O R @)

So Z is assumed to be the superposition of trains X; and X;. Let us designate the integral
function of train Z by /,. We suppose that trains X; and X; are independent. Then, as
follows from Statement 3, knowing the integral functions £, and r, of trains X; and X5, it is
possible to find the integral function of the superposition of trains under the condition of

independence of trains, i.e., F, @, . Let us label the function thus obtained by 5 @ . It
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is evident that if function /' is equal to f, ®r, , the hypothesis about independence of

trains X; and X, should not be rejected. Therefore, the algorithm of estimation of the
interindependence of trains reduces to testing the main hypothesis H.

Hypothesis H. Distributions /7 and ., @y, are consistent.

It is natural to apply to this hypothesis the Smirnoff-Kolmogoroff’s test. Let us formulate
hypothesis H,: the structure of the train for each contract is described by the following
model. If x is the interval between actions in the train, the probability density fx) in this

model is given by

__HWXN', ;l i N 3
1100= 5 e el )

Here, N;= 1,2, .., v, >0, j=1,2. Distribution (1) is the Erlang distribution. There are the
following statements related to the Erlang distribution (4 and 5).

Statement 4. Let random value X have the Erlang distribution. Then

N
M(X):C’, D=

Here, M(X) is the mathematical expectation, and D(X) is the vanance of random value X.
Statement 5. Let X be a stationary ordinary renewal process with the density being the

Erlang distribution density with parameters v and N. For a fixed ¢ we take

ay = F ()= [ f(x)dx

by = j’(] —F,,,(x))dx

Here, N = 1,2, ... For brevity, the dependence of ay and by on  and v is not given. Then the

integral function of the first time interval is

v
E(’):Nb.\' :
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Parameters ay and by can be found from the recursion formulae

N1
N T (I'V)' e +a, .,
(N-D!

1
b.=(1-a,)t +( Ny jaN” :

The correctness of these statements follows from Statement 1. Recursion formulae can be
checked by simple calculations. The integral function of the superposition of two
independent renewal processes with the Erlang distribution can be found by using
Statements 3 and 5.

To test hypothesis H,, we use the maximum likelihood method and the x* test. It can be
assumed that x, > 0 for i = 1,2, ..., n. Testing of hypothesis H; is performed in two stages.
The first stage involves finding N* and v* for which the corresponding likelihood function
will reach the maximum. The second stage includes testing of hypothesis H; with N -~ N* u
v = v*by using the ¥’ test.

Let us describe stages 1 and 11 in detail.

Stage 1. Finding N* and v*.

It is obvious that, if hypothesis H, is satisfied, the likelihood function for a sequence of

intervals between actions has the form

0’

L(®,N,v)= !lllf(x’ )= ((N741)!);’ v eXP(—VIZnI: x)

Here, x is the vector with coordinates x;,x,,...x,. It is necessary to find the values v* and N*
of parameters v and N at which the likelihood function L(®,N,v) has a global maximum.
Without making special comments, we shall use in further discussion the following

designations:
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Note that it follows from the classical inequality for arithmetic mean S’n and geometric
mean "/r that £>1; g being equal to 1 only when equality x; =x, = .. = x, is fulfilled.
Before finding N* and v* we note that Statement 6 is valid.

Statement 6. Let & = (1 + 1k)"', where k=1,2, ...

Then

a)ifg>1and & <ge then i <gefork=1,2, ;

b)if g > 1 and & > ge, there exists a natural number ko such that & > ge for 1 <k <k, and &
< ge for j > ko and this number is the only one;

c)if g =1, then & > ge for £ = 1,2,... (here e is the base of the natural logarithm). The
correctness of this statement immediately follows from the fact that sequence &
monotonically decreases and tends to e for k — .

Then the following statement is valid.

Statement 7.

Case 1. If g > 1, the global maximum of the likelihood function L( % |V, v) is reached at v* -
nN*:§. In this case

a)ifge>4 then N*=1,

b) if ge < 4, then N* = k; (see Statement 6).

Case 2. If g = 1, the likelihood function is not bounded from above, and therefore a global
maximum does not exist.

Proof. Let us fix N. Then the likelihood function L(x &, v) will be the function of one
argument. Let us find the local maximum of this function (v > 0). Note that with the
designations used the likelihood function acquires the form

s

((N-1)1)"

L(x,N,v)= v™ exp(—vs)

Let us calculate the derivative 1., 7% N, v). It is evident that
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) f'N 1
L(®,Ny)=
(N-

7 — "™ Yexp(—ws)(nN —sv)

Ny

This means that at fixed N the local maximum of the L(x N, v) function is reached at point
v* = nN’s. Since the local maximum occurs at the only point v¥, the global maximum of the
likelihood function is also reached at point v* in case N is fixed.

It is obvious that if the global maximum of the L(*® ,N,v) function with respect to variables
N and vis reached, it takes place at v = v*.

Thus the problem reduces to finding the maximum (over all natural N) of the following

sequence

N nN
ay = L Nvy= O
(N-D)'s

exp(—nN)

With the designations used, we have

7‘ kn
r k
ak: 1 n
((k-D1H (gEJ
It is easy to see that

ak [ I_: 5}; !
a, ge

Let us recall that

l k1
Sk:(Hj
k

Case 1 is a simple consequence of Statement 7. Let us consider case 2. Let g = 1. Then

2790 _((2 !
a, e

Since & > e for k = 1,2, ., the sequence a monotonically increases. By using the known

Stirling formula, it can easily be shown that
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rk™? On
=~ _exp| ~— |, (0<®<l
% (27:)"-’26“{ 12kj’( <0<l

Hence, a; — oo for k& —» ~c. Statement 7 is proved.

Corollaries to Statement 7.

1. Ifg>4/e~ 14715, then N*=1.

2. 1f1.2416 ~ 27/8e < g <4/e = 1.4715, then N* = 2.

Comments: a) if g = 1, then x; = x, = ... = x,. However, the probability of event (X; = X; =
... = X,) is zero since the regular train corresponding to the case x; = x, — ... = Xx, is not
stationary. Therefore, g is always more than 1; b) in practice the inequality g > 12416 is

typically fulfilled, whence N* =2 or N* = 1.

Having estimated N* u v* = N*n/ Z x, , we pass to the second stage.
¢ =1
Stage (1. Testing of hypothesis H; by using the x” test.
Table 1

Sequence of intervals between actions for different contracts

(sample size 7 = 50; the table should be read along the lines)

Trains Lengths of Intervals (relative units)

X 61.1.67.9,48.4,. 471, 1.2. 20.0. 17.1. 27.7. 15.4. 73.4, 29.2, 30.3,
19.6, 5.3, 89.1, 21.3. 18,9, 37.2, 30.1, 3.2, 7.7, 35.1, 42.2. 214,
21.2,10.2.592.64.3,71.5,51.2. 143,98, 243,482,412, 36.5.
13.2.3.1.54.1, 189, 11.1, 392, 4.9, 30.2, 16.1. 35.6. 34.4. 43.1.
53.4.259.

Y 49.3. 62,3, 45.5. 382, 21.3. 36.6. 40.2. 8.9, 4.5, 7.8. 28.1, 32.7.
83.5.422, 788.238.53.3.70.0,66.6. 47.1, 18.3. 1.2, 199,394,
68.7.7.6, 17.2. 46.8. 55.1, 98.2. 3.3. 16.8, 13.4, 18.3, 26.5. 27.3,
26.6, 30.1. 9.9. 5.0, 21.3. 250, 2.3. 34.5, 11.3. 199, 27.9. 176,
15.4.

Z 20.7.199,2.2.399,2.4.82,234, 149 31.2. 3.7 15,1, 111, 1.1,
288.324.166.21.2, }.1. 54.7. 54.7. 72.1, 66.7. 89.3. 13.1. 13.2,
46.4.23.9.9.9. 73,155, 69.5. 5.2. 47.8. 3.3. 3.3. 32.6. 44.4, 9.7.
192.21.2.205.134.65, 13.0. 464, 38.1. 289, 188 84, 4.4

This hypothesis is tested in a usual fashion.
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II. EXAMPLE

Let us give the example demonstrating the suggested procedure. Trains of actions for the
first and second contracts and also for both contracts in combination are shown in Table 1
by samples X, Y, Z, respectively. It is necessary to estimate the degree of interrelation

between trains X and Y.
“© P 1/50

For train X we have Zx, = 1605; (nx,] = 23.8975; g = 1.3432. Therefore, according
i1 i-1

to the comment to Statement 3, we obtain N™ = 2, v* = 0.0629.

t/50

50 50

Similarly, for train Y we have >y, = 1602, [H y,.] =22359, g=14329uN=2;
i1 i=1

v = 0.0624.

Then we apply the #* test to the hypothesis H, that X and Y are distributed in accordance

with the Erlang law with parameters N* = 2 and v* = 0.06. Calculations are given in

Table 2. We choose the significance level o = 0.05. Since x5, <geos (Xaps= 14.1is

chosen from the table of distribution of }* for seven degrees of freedom and significance
level « = 0.05, and y; =8.80and y} =821 are found from Table 2), hypothesis H; is

not rejected.
Let us find the integral function for trains X and Y by using results of Statements 3 and 5.

As a result, we have

(F®F,)x)=1- 0.5(1 +0.06x) (2 + 0.06x) exp( - 0.12x).
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Table 2
Results of applying the #* test to hypothesis H;

Boundarics of Frequencies Estimatc of np,' m,-np; (m, - npi‘ )z
intervals m; n[),’
(rcl.units)
X Y X | Y X l Y
0-10 7 9 6.000 1.000  3.000 | 0.0275 0.2500
10 -20 10 10 11.000 -1.000 -1.000] 0.0081 0.0081
20 - 30 9 9 10.000 -1.000  -1.000] 0.0100 0.0100
30 -40 8 7 7.500 0.500 -0.500| 0.0044 0.0044
40 - 50 6 6 5.500 0.500 0.500 | 0.0081 0.0081
50 - 60 4 2 3.500 0.500 -1.500{ 0.0200 0.1836
60 -70 3 3 2.670 0.330  0.330 | 0.0140 0.0140
70 - 80 2 2 1.500 0.500 0.500 | 0.1100 0.1100
80 - 90 1 1 0.235 0.760  0.760 | 7.6000 7.6000
90 - 100 0 1 0.865 0.865 0.135 | 1.1000 0.0243
b3 50 50 — — — — —

Note: y. =8.80, y; =8.21.

At last, we apply the Smirnoff-Kolmogoroff's test to the hypothesis H about consistency of

sample Z with distribution /;®F, . Calculations are given in Table 3.
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Table 3

Results of applications of Smirnoff-Kolmogoroff’s test to hypothesis

H
Boundaries of intervals Cumulative Integral functions
{rel. units) Frequencies | frequencics | empirical | theoretical | |F,(x) - (F.@F,)|

Fa(x) F®F,
0-10 15 15 0.3000 0.3800 0.0800
10 -20 12 27 0.5400 0.6800 0.1400
20-30 8 35 0.7000 0.9100 0.2100
30 - 40 5 40 0.8000 0.9330 0.1330
40 - 50 4 44 0.8800 0.9750 0.0950
50 -60 2 46 0.9200 0.9904 0.0704
60 - 70 2 48 0.9600 0.9964 0.0364 .
70 - 80 1 49 0.9800 0.0087 0.0187
80 -9 1 50 1.0000 0.9991 0.0109
90 - 100 0 50 1.0000 0.9999 0.0001

5 50 — — - —

Since

DO =max| Fy(x) - (®F)(x)| =0210

then Ao = 50"%0.210. Let us choose the significance level a = 0.05. Since 1 - K(1.487) =
0.0236 < 0.05, this means that an improbable event has occurred. For this reason the
hypothesis is rejected, i.e., trains X and Y are interrelated. This conclusion is made with a

reliability of 0.95.
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