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Abstract

We study the insurer’s adjustment coefficient as a function of retention levels for combinations
of quota-share with excess of loss reinsurance in the Sparre Anderson (1957) model. We show
that the insurer’s adjustment coefficient is a unimodal function of the retention levels when
the quota-share reinsurance premium is calculated on original terms and when the excess of
loss premium is calculated according to the expected value principle.
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1 Introduction

Several studies about the effect of reinsurance on the ultimate probability of ruin (for example
Waters (1979), Gerber (1979), Waters (1983), Centeno (1986), and Hesselager (1990)) have
concentrated their attention on the effect of reinsurance on the adjustment coefficient (or
Lundberg exponent).

Waters (1983) proved that the adjustment coefficient is a unimodal function of the retention
level in case of proportional reinsurance, without any restrictive assumptions on the distri-
bution of the annual claims. He also investigated non-proportional reinsurance. He proved
that the adjustment coefficient is a unimodal function of the retention limit for excess of loss
reinsurance, assuming that the reinsurance premium calculation principle is the expected
value principle, and that the annual claims have a compound Poisson distribution. These
two assumptions are also assumed in the other cited papers, namely in Centeno (1986),
where combinations of quota-share with excess of loss were considered.

In this paper we study the adjustment coefficient as a function of the retention levels for
combinations of quota-share with excess of loss reinsurance, generalizing some of the results
of Centeno (1986), when the number of claims are described by an ordinary renewal process.
We prove that the adjustment coefficient is a unimodal function of the retention levels when
the quota share premium is calculated on original terms with a commission and the excess
of loss premium calculation principle used is the expected value principle.

2 Assumptions and Preliminaries

We assume that the number of claims {N(t)},., follows an ordinary renewal process, i.e.
the number of claims, N(t), that occur in the time interval (0,¢| can be written as

N(t) =sup{n: S, <t} (1)

with So =0, S, = T1+To+...+T, for n > 1, where {T;}3°, are independent and identically
distributed non-negative random variables. S,, denotes the epoch of the nth claim and T; is
the time between the i — 1th and the ith claim. Let the expected value of T; be 1/7.

Let {X;};°, be a sequence of independent and identically distributed random variables,
independent of {7;}3°,, where X; denotes the amount of the ith claim. We assume that: F,
the distribution function of X, is such that F'(0) = 0, so that negative claims are not possible;
0 < F(z) <1for 0 <z < +oo (these assumptions could be relaxed); dF(x)/dz exists and
is continuous; the moment generating function of F(z), Mx(r), exists for r € (—oo, ) for
some 0 < 7 < 400 and

lim Mx(r) = THLHTE [e’"X] = +00. (2)
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Let i be the expected value of X;.
The risk process {Y (t)},, is defined by

N(t)

Y()=(1-e)Pt—Y X, (20: X, ¢ o) , (3)

where P is the insurer’s premium income per unit of time and eP is the amount used to
cover the insurer’s expenses.

Yi=—[Y(S) =Y (Si-1)]=Xi — (1 —¢)PT,. (4)

Obviously {Y;};°, is a sequence of independent and identically distributed random variables.
The expected loss between two claims is
(1—e)P

EY] = E[X;] = (1 —e)P E[T}] SHT T (5)

and it is natural to define the relative safety loading by

(1—e)P
T M 1—¢e)P
pm—a P _UIP ®
u T
We assume that p > 0. Let Zy =0 and Z,, = Z?:l Y;, be the loss immediately after the nth
claim. As ruin can only occur at claim epochs the ultimate ruin probability ¥ (u), for initial

surplus u > 0, is

P(u) =Pr{u+Y(t) <0, for somet >0} =Pr {mgf(Zn > u} . (7)
Let
g(T) _ M)/z(r) —F [eTYi] — F [er(Xif(lfe)PT,-)] —FE [erX} E [efr(lfe)PT} (8)

where X and T have the same distribution than X; and T} respectively. The adjustment
coefficient R is, in the renewal case, the unique positive solution of

g(r) =1, (9)
when such a root exists, or zero otherwise, and the Lundberg’s inequality
d(u) <e i, (10)

is still valid (note that this inequality has to be modified for the stationary renewal case).
Lundberg’s inequality in the ordinary renewal case was first proved by Sparre Anderson
(1957) and can be find using a martingale approach in Grandell (1992).



Let us consider that the insurer has a choice of reinsuring this risk either by a pure quota-
share treaty, or by a pure excess of loss treaty or by any combination of quota share with
excess of loss formed, as follows. First, the insurer chooses a quota-share retention level,
which we denote a, paying a premium calculated on a proportional basis with a commission
payment (see Carter (1979), p.87). More precisely, for retention level a, the insurer pays the
reinsurer premium (1 — a)P less a commission ¢(1 — a)P. Secondly, the insurer chooses an
excess of loss retention limit M, so that, when a claim of size X occurs, the insurer retains
Xo v = min(aX, M) and transfers to the reinsurer through this arrangement X — X, =
max(0,aX — M). In return for this arrangement the insurer pays a reinsurance premium,
which we assume to be calculated according to the expected value principle, with loading
coefficient a > 0. We assume that

e>c, (11)
and
(1—e)P—(1+a)yu <0, (12)

which implies that the insurer can not reinsurer the hole risk with a certain profit.

After this reinsurer arrangement the insurer’s net (of expenses and reinsurance) risk at time
t1s
N(t)
You(t)=((1—e)P — FPom)t— Zmin(aXi, M), (13)

i=1

where P, pr, the reinsurance premium, is

Pori=(1—&)(1—a)P+(1+a)y /MO; (az — M)dF(z). (14)

For given (a, M), the adjustment coefficient, R, s, is now the unique positive root of

Gau(r) =1, (15)
when such a root exists, or zero otherwise, with

Gam(r) =FE [eTX“vM} E [e_((l_e)P_PavM)rT} ) (16)

Let E[W (a, M)] denote the insurer’s expected net profit per period of time, after reinsurance
and expenses, i.e.

E[W(a, M)] = (1 = €)P — Pyas — vE[Xo].



Let L be the set of points for which the insurer’s net expected profit is positive, i.e.

L={(a,M):0<a<1, M>0and E[W(a,M)] >0}, (17)
and let
Xom(T) =InE [e”X‘“M} ,
K(r)=InE [e”],
and

Hapa(r) = In(ga,n1(r)) = Xa (1) + £(((1 — €)P = Foar)r). (18)
Lemma 1 (i) The adjustment coefficient is positive if and only if (a, M) € L.
(ii) For any (a, M) € L, H;’M(fr) is positive at = R .

Proof.

(i) Let us consider that (a, M) is fixed. Differentiating x, ,,(r) and x(r) we get
E[X, pemXan]

X;,M(r) = E[erX“aM] ) (19)

" B B[XZ e em] E[X, e oM ?
Xa,M(r) - E[eTXG‘7M] - ( E[GTX‘%M] ) ) (20)
Vi =-Srerd (21)

and

““”::Eglizﬂ"<ég€i%]>' =

The functions x,, 5/(r) and (r) are both convex functions of r. This follows because

ng y(r) and £” (r) are the variances of two Esscher transforms (the Esscher transforms
of the distributions of the random variables X, »s and T, respectively). Hence for fixed
(a, M), Hyp(r) is a convex function of r and

Hiaf(r) = Xons(r) + (1= )P — aMwwLw>_ng_
E[X%MeTXa,M] B ((1 - 6 Pa,M E [Te 1 e)p- P“M)Ti|
ElerXam] E [e r((1—e)P—Pa )T }




Let

¢ — +oo if M < 400
]l T if M=+00

where M = +00 means no excess of loss reinsurance. Noticing that
H,nm(0)=0
and

lim H, p(r) = +00 (24)

r—¢

and given the convexity of H, a/(r) we can say that the adjustment coeflicient is positive
if and only if

H, ,(0) <0. (25)
But by calculating (23) at r = 0, we get that (25) is equivalent to
EXom) — (L —€)P—Pon)/v <0 (26)

and the first part of the Lemma is proved.
(ii) The second part of the lemma follows from the proof of (i).

Note that the above prove does not depend on the reinsurance premium calculation principles
used for both the arrangements.

Let
ag = (e = ¢)P/[(1 — )P — vE[X]] (27)

and
A ={a:0<a<1 and there exists an M such that E[W (a, M)] = 0}. (28)

The proof of the following Lemma can be seen in Centeno (1985).

Lemma 2 Under our assumptions on the reinsurance premium Py,

(1) A= (ao,1]

(ii) For each a € A there is a unique M such that E[W (a, M)] = 0, i.e. there is a function
& mapping A into (0,00) such that M = ®(a) is equivalent to E[W (a, M)] = 0.

(iii) ®(a) is conver.
(iv) Limg_.q,®(a) = 400

Hence the first part of Lemma 1 is equivalent to saying that the adjustment coefficient is
positive if and only if @ > ay and M > ®(a).



3 The adjustment coefficient as function of the reten-
tion levels

Result 1 (i) For a fized value of a € (ag, 1], Ranr is a unimodal function of M, attaining
its maximum value at the only point satisfying

E [Te—Ra,M((l—e)P—Pa,M)T}

E2 [efRa,M((lfe)pra,M)T} (29)

In(l14+a)+1In |~y

where R, v s the only positive solution of (15). Let }A%a be the mazimum of Rq .

(i) R, is a unimodal function of a, for a € (ag, 1], attaining its mazimum value at a = 1,
if and only if

Proof.

(i) The adjustment coefficient, R, s, is, for fixed a € (agp,1] and M > ®(a), the only
positive root to (15) or in an equivalent way the only positive root to

Hom(r)=0. (30)

Let us consider now R, as a function of (a,M) € L. From the implicit function
theorem it follows that
8 %Ha’ M(T‘)

RaM:_

— 31
(9]\/[ ’ %Ha,MO’) ( )

r=Ra M

By Lemma 1 we know that the denominator of the right hand side of (31) is positive,

80 OR, 0 /OM = 0 if and only if OHy(r)/OM|._p  =0.
Considering that
a T T
G_ME [e X“’M] =re™(1 - F(M/a)) (32)
and that
0

7P [e7 @ P=Par) T] = (1 + a)y(1 — F(M/a))E [Te (P ~FarrT] - (33)



it follows that
OHan(r) r(l—F(M))
OM - E[erX,Z,M]E [e—((l—e)P—Pa,M)rT} X
% {e'rME [ef((lfe)PfPa’M)rT} i (1 + Oé)"}/E [Tef((lfe)PfPa’M)rT] E [eTXa,M] } )

(34)

Hence 0Honm(r)/OM|,_p = 0is equivalent, for finite M, to

eRa,MME [e_((l_e)P_Pa,M)Ra,MT} — (1 _|_ a),yE [Te_((l_e)P_Pa,M)Ra,MT} E [eRa,MXa,M]
(35)
which is, given the definition of R, »s equivalent to

oRa M g2 [e_((l_e)P_PayM)Ra’MT] =(1+a)NE [Te—((l_e)P—Pa,M)Ra,MT} : (36)

from where (29) follows.

Calculating the second derivative with respect to M of R, s , at the points where the
first derivative is null, we get

2
P g __ aipfan(n) (37)
oM? M 2Ry =0 aﬁHa m(r) P .
oM ‘ta M r ’ T:Ra,Mya_MRa,MZO

But the denominator in (37) is positive by Lemma 1, and (note that the denominator
of (34) is 1 for r = Ry )

92
a3 Hen (r) = R2 (1 = F(M/a)Ay(Ro )| | (39)
WRCL,M:O
T:Ra,Ma%Ra,M:O
where
An(Ropr) = el B [em((meP=Fan)RamT]

—2(1+ a)y(1 — F(M/a))E [Te~(1=9P=For)RanT]
+(1+ a)>y*(1 = F(M/a))E [T?e (P~ Far)RanT] | [oRamXan]

But considering that 52- R, = 0 whenever (35) holds we get

Av(Ran)| | = (14 Q) E [Te 0OP-Pur)RanT] [MIo oFo ez ()
+(1+a)*y*(1 = F(M/a)) &"(((1 — €)P — Ponr)Ram),

WRQ,M:O
(39)

with k" given by (22) (which is strictly positive as we have seen), and hence (39) is
strictly positive. Hence the second derivative with respect to M of R, s is negative



whenever the first derivative is zero, which implies that for fixed a € (ao, 1|, R, has
at most one turning point, and that when such a point exists it is a maximum. The
maximum will exist (and it will be finite) if we can guarantee that there is a finite
solution to equation (36).

For fixed a € (aop, 1], let

DaM(Ra M) — eRa,MME2 [e*((lfe)P*Pa,M)Ra,MT} _ (1 4 Oé)")/E [Tef((lfe)PmeM)Ra’MT] ‘
(40)

Noticing that lim; ¢ @) Re,m = 0 (the expected profit is zero at (a, ®(a))), we get

lim Da,M(Ra,M) = —Q,
M—®(a),Rq,pm—0

which is negative, and

hm Da,M(Ra,M) = —|—OO,
M—+00,R—Ra, +co

because R, oo €xists given our assumptions (it is the adjustment coefficient before the
excess of loss reinsurance takes place). Hence, for fixed a € (ap, 1], it must exist at
least one solution to (36). But we have already proved that if such a root exists it
must be unique.

Note that in the classical model, i.e. when T is exponential distributed,

E [Te(1=0)P=Pan)RauT]

T2 e (1P~

=1,

and (29) is equivalent to M = =2—In(1 + «), as it is known.

Ra,M

We have proved that, for fixed a € (ag, 1], Rq u, is a unimodal function of M, and that
the maximum is attained at the unique finite solution of

Domi(Ranr) =0, (41)

with Dg ar(Ran) given by (40). (41) defines M as a function of a. Let it be Y(a). Let
Ra = Ra,T(a)'

(i) Calculating the derivative of both sides of (30) at M = T(a) and r = R, we get

d ~ 8Haé Mm(r)
2ol =~ FHwm (42)
or M=Y(a); r=R.




and

02H, ai(r) 02Hy ar(r) . (32HG,M(7‘))2

d? ~ 902 DM DaOM 13
da2 a d B - a21—1’0,,M(T) 8Ha,M(r) ’ ( )
da Ra=0 OM? ar

M=Y(a); r:f%a;%ﬁa:()

We have already shown in part (i) that 0" Hay (r)
m(r

55— calculated at M = T(a) and r = R, is
positive and by Lemma 1 8[{“5—” calculated at the same point is also positive. Hence
we can conclude that (43) is negative if and only if

0?Honi(r) 0°Hona(r) (0 Hona(r) " m
Oa? OM? dadM
r=Ra, 37 Ha 01 (1) =05 557 Ha, 01 (r)=0
is positive.
Noticing that
a X M/a rax
—FE[e™ M| =17 ze"dF (x) (45)
da 0
and that
a o0
5 E [e((1=OP=PariiT) — {—(1 — )P+ (1+a)y / xdF(x)] E [Te (=P =FarrT]
a M/a
(46)
we can say that (42) is zero if and only if
0 0
— Hopr(7) = E [e*((lfe)PfPa,M)rT] _E[eTXa,M] + (47)
Oa T:RQ,M;%H%M(T)ZO Oa
0
rXa,Mm]_2_ —((1—e)P—Pqy,pm)rT
+ Ele M]aaE E )] R

=2 Ha i (1)=0

is zero, which is to say that

0 —((1—e)P—P, ap)rT —((1—e)P—P, pp)rT 0 rXq
aaE [e ((1—e) M) } E— [e ((1—e) M) } aaE[e M), (48)
Calculating
82 < ) M/a ) M2 "
wE[er oM] = p /0 r e’ dF(x) — r— e f(M/a), (49)

10



where f(x) = dF(z)/dz, and

88_22E [e_((l_e)P_Pa,M)TT] — 7"2E [TZG—((l—e)P—P%M)rT]
a

< |—(1= P+ (14N / xdF(x)] (50)

M/a

M2
+r(l+ oz)'y—3f(M/a)E [Te’((lfe)P’P“’M)TT]
a

we get that (considering (48))

=R, M; 7% Ha,m (1) =05 557 Ha, a1 (r)=0

& H,p(r)

9aZ

r2F [e—((l—e)P—Pa,M)rT} foM/a x2erawdF<w)+
) 2 51
+r? [—(1 — )P+ (1+a)y [y, :vdF(x)} E [T?e~((=0P=FaporT] plerXem]— (51)

2 172 [a—((1—e)P—Py p)rT M/a _ raz 2
—2r2E? [e AT (R perar d ()

r:Ra,M;%HG,M(T):O;aiMHa,M(T):O

which having in mind (48) and after some manipulation is equivalent to

TZRa,M;%Ha,M(T):O;aiMHa,M(T):O

0 Han(r)

8a?

T2E2 [e*((l—e)PfPa,M)rT} erM(l o F(M/a)) fOM/“ ZE2emmdF(£L‘)+

B (@-OP—ParrT] o
+T2E2[Le((1e)PPa’M)r7]] ( 0 ¢

xemwdp(x))2 (1= €)P — Poat)r)

Y
TZRa,M;%Ha,M(T):();% a,M(T):O

2
+ r2E2 [e—((l—E)P—Pa,M)TT] (fOM/a e””;dF(@) 20 0m(T)

(52)
with k” given by (22) and
fOM/a r2e"dF(x) OM/a xe"dF(x) ’
%a,M(r) - M/a o M/a (53)
Jo " erardF(x) Jo " erardF(x)

which are positive (they are both the variances of Esscher transforms), and hence (52)
is positive.

Differentiating now 0H, a(r)/0M with respect to a, at the points where the first
derivatives are zero, we get

11



9 Ho (1) =

M
9ad T:Ra,M;%HG"M(?"):O;%HmM(T):O

T2(1+Ot) (1—F(M/a)) ‘M/aa: TazdF(a:) B )PP, ) B . )
- ;[Te_((l_e)P_j’g“!M);] {E [e7((=P=FaprT] | [T2e~((1=e)P=Fa)rT]

—2F? [Te~(1=0P=Pon)rT] | ) —

=R, M; 7% Ha,m (1) =05 557 Ha,m (r)=0

E2 e_((l_e)P_Pa,M)rT M/a .

=721+ a)y(l - F(M/a))E[Te_((l_e)P_Pa,M)TT] IN e"*dF(z) K" (((1 — e)P — Pya)r)

_7,2(1 + Oé)’Y(l _ F(M/CL))E [Te*((lfe)P—Pa,M)rT} f()M/a l.eramdF(x) PR ar;
% a,M(T):O;
%= Ha, 01 (1)=0.

(54)

Hence

P Hart(r) PHans(r)  (0PHans(r) ) 2
Oa? OM? 0adM

r=Ra 0322 Ha, 11 (r)=0; 557 Ha,n1 (1) =0

{7,2(1 — F(M/a))e™ E?2 [e—((l—e)P—Pa,M)rT] fOM/a 22 ()

pAle(OP—Pua T 2
+r2E2[[Te((1e)PPa’M>TT]] (S wer=dF(2)) K"((1 ~ )P Pang)r)

2
+ TQEQ [e_((1_e)P—Pa7M)rT] (foM/a erawdF($)> %a7M(T)}

X {7‘2(1 + a)y(1 — F(M/a))E [Te (=)P=Far)rT] fOM/a e"dF ()
+r2(1+ @)y (1 = F(M/a))*k"(((1 — )P — Papr)r)}

B2[e(0-OP—Pap" Ty,

—rH(1+ a)?y*(1 — F(M/a))? (E[Te“leﬂ"’a,M)TT] o wemdF (x) K"(((1 — e)P — Pypr)r)

— —((1=e)P—P, p)rT M/a rax 2
E[Te ’ ]fo xe"*dF (z)

T:Ra,M;
%HG,M(T):O;
527 Ha, 01 (r)=0.

(55)

12



Note that there are only two negative terms in the development of (55). The terms in

(k") cancel, and the sum of the first with the last term, having (36) in consideration,
is equal to

7“4(1 + 01)2’)/2(1 o F(M/CL))2E2 [Te—((l—e)P—Pa,M)rT] %

X OM/a r2e"*dF () fOM/a " dF (z) — ( Ma g,

0

em””dF(:z:))z}

(1 — F(M/a))2E? [Te~((1=0PPosn)T] <

r:RmM;%Ha,M(r):O;%HG,M(T)ZO

2
= (1 + a)?y? fOM/a e”‘””dF(x)) o (T)

r:Ra,M;
a_aaHa,M(T):O;
52 Ha, 01 (r)=0,

(56)

with sz, p(r) given by (53), which is positive. Hence (55) is positive.

On_the other hand, when a — ay, ﬁa goes to zero and we can say that the maximum
of R, is 1, if and only if

lim i
a

a—1—

R, >0,

and the Result is proved.

Corollary 1 (i) If

00 (1)
(1—c)P>(1+a)y (/ xdF (x) +/ xeRl,m)(:c—T(l))dF(x)) 7 (57)
(1) 0

where (r, M) = (R v, Y(1)) is the only solution to
E [eer’M:| E [e_((l_e)P_Pl,M)TT] — 1

B Te—r((l—e)P—Pl)M>T“

M=2|In(l+a)+In|~y

E2

er((le)PPLM)T:I

Ro v attains its mazimum value at (a*, M*) = (1, T(1)).

13



(1) If (57) does not hold, then the pair (a*, M*) which maximizes Rq nr is such that (r, a, M)
is the solution to

( E [erXa,M] E [e—((l—e)P—Pa,M)rT} =1

E|Te

—r (1 e)P— PaM :| (59)

—r (1 e)P— Py, “

M=2|In(l+a)+In|~y
E2?|e

00 M/a ax—
\ (1+ )y (fM/axdF( + /5 /@ pefaml M)dF(m =(1-¢)P
Proof. We only have to consider (42), (47) and that M = Y(a) satisfies (29). H

Corollary 2 If(1—c)P > (14+a)yE[X], then R, attains its mazimum value at (a*, M*) =

(1,7(1)).
Proof. We only have to notice that in that case

(1= )P~ (1+a)y ([ 2dF (e +fo A O)
(1+a)y (fo z (1 — efrxe )dF(a:))zo.

Note that this corollary just means that if quota-share is at least as expensive as excess of
loss (for the reinsurance of the hole risk), then excess of loss is optimal.

4 Examples

Example 1 Let the individual claim amount distribution be Pareto(2,1), i.e. F(x) =1 —
1/(1+2z)% = >0, so that E[X] =1. Let P =16, ¢ = 0.3, ¢ = 0.2 and o = 0.8. We shall
consider that the inter arrival times have mean 1, i.e. v = 1. For these data the condition
in Corollary 2 is not satisfied, i.e. quota-share is not, in the obvious sense, cheaper than
excess of loss. We consider that the inter arrival time T is Gamma(n, 3) distributed, i.e.
with density function given by,

ﬁ’n

— e Pl > 0.
T(n) !

p(t) =

For a Gamma(n, ) we have,

E[TeT] (ﬁ + s)"_l

i E2 [e—sT] o

14



0.035 -

0.030 -

0.025 -

0.020 -

0.015 -

0.010 -

0.005 -

0.000

0.50 0.60 0.70 0.80 0.90 1.00
a

[ y(0505  —yA1) =—vy22) |

Figure 1: R as a function of (a,Y(a)); ¢ =0.2; « = 0.8

M= (60)

and hence (29) is equivalent to
1—e)P—PF,
<ln(1 +a)+(n—1)n (6 T ({@= a’M)Ra’M>) .
Ra,M ﬁ

We shall consider three different situations: (n, ) equal respectively to (0.5,0.5), (1,1) (the
classical model) and (2,2). Fig. 1 shows the adjustment coefficient as function of the re-
tention level a, and the excess of loss limit M calculated according to (60). As we can see
the optimal quota-share level is a = 1, for the three situations. The optimal excess of loss
retention limit is 19.4524, 16.9804 and 15.6673 for the Gamma(0.5,0.5), Gamma(1,1) and
Gamma(2,2) respectively, and the adjustment coefficient is equal to 0.0287357, 0.0346157
and 0.0387563 respectively. Fig. 2 shows the adjustment coefficient as a function of M when
a=1.

Example 2 All the information as in the previous example, with the following two excep-
tions: ¢ =0.25 and § =1.2.

Fig. 3 is the analogue to Fig. 1. In this case, the optimum is a mizture of quota-share
with excess of loss, namely (a, M) equal to (0.90215, 31.18843), (0.92791, 27.66260) and
(0.94610, 25.82807) for the Gamma(0.5,0.5), Gamma(1,1) and Gamma(2,2) respectively.

As we would expect, for both examples, from the three inter arrival time distributions,

the Gamma(0.5,0.5) induces smaller values for the adjustment coefficient, followed by the
exponential.
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Figure 2: R as a function of M for a =1
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Figure 3: R as a function of (a, Y(a)); ¢ = 0.25; a = 1.2
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